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Preface

The history of mathematics at the Warsaw University of Technology goes back to 1826
when the Preparatory School for the Polytechnic Institute was founded thanks to the efforts
of Stanistaw Staszic. Its first director became Kajetan Garbinski, a professor of mathematics.

The school was closed in 1831.

The Warsaw Polytechnic Institute named after Tsar Nicolas II was establihed in 1898.
Classes were conducted in Russian untill the outbreak of World War I. The Warsaw Univer-
sity of Technology started on its own in 1915. It was the first Polish technical university. All
this time at faculties of engineering there were divisions of mathematics which employed
famous professors including Georgij Voronoj, Kazimierz Zorawski, Witold Pogorzelski,
Stanistaw Saks, Antoni Zygmund, Franciszek Leja, Wtadystaw Nikliborc, Stefan Straszewicz

and Roman Sikorski.

In 1963 all the divisions of mathematics were joined together in order to establish the In-
stitute of Mathematics, which in 1975 became a part of the Faculty of Technical Physics and
Applied Mathematics. In 1999 the institute was transformed into the Faculty of Mathematics

and Information Sciences.

The aim of this monograph is to celebrate 20 years of the Faculty of Mathematics and
Information Science. We present a collection of research papers written by mathematicians
representing various generations, from assistant professors to full professors, currently em-
ployed at the faculty. They cover many areas of mathematics including algebraic structures,
analysis on manifolds, control theory, differential geometry, dynamical systems, general ge-
ometry, graph theory, mathematical statistics, numerical analysis, partial differential equa-

tions and stochastic analysis.
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Abstract: Multiple imputation is nowadays a generally accepted approach to statistical inference based
on incomplete data sets. Within this methodology it is standard to assess the quality of the estimation by
the Rubin estimator of the variance, which, when based on m imputations, has the form Uy, + (14 1/m)B,,.
Here U, is the average of imputation estimators of variance and B,, is the empirical variance of imputation
estimators. We consider the problem of estimation of variance of multiple imputation estimator in the
Bayesian Gaussian model with the Gaussian mean. We show that the Rubin estimator is inadmissible in
the class of estimators of the form v?(e,8) = aU, + BBy, @, B € R. We derive the optimal weights
a, and B., i.e. such that v?(a.,f.) has the smallest MSE in this class of estimators. Since c. and B,
are defined through complicated expressions we also derive approximate optimal estimators with simple
weights o, = %, Bk = 7ﬁ, where f is the response rate and » is the original size of the sample. These
estimators outperform the Rubin estimator with respect to both the bias and the MSE. We also consider
the case of a non-informative prior. Then the Rubin estimator is unbiased, though it remains inadmissible.
Numerical experiments show that the performance of the optimal and the approximate optimal estimators
is rather similar, therefore we recommend to use simplified approximate weights.

Keywords: multiple imputation, Rubin estimator, Bayesian Gaussian model

Mathematics Subject Classification (2020): 62D10, 62F15
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1. INTRODUCTION

The methodology of multiple imputation proposed in Rubin (1987) is nowadays one of the
most frequently used approaches to missing data problems. The basic idea lies in creating,
instead of one imputation sample, a larger number m of imputation samples. For each of such

samples an imputation estimator 6\

imp 15 designed according to the same rule, {=1,....,m.

i ()

imp- Lypically the variance of éM,mp is

The final estimator is the average éM[mp = %Z;’;]

estimated by the Rubin estimator:
2 g 1
VRub = Un + (1 + m) B,

is the average of the imputation estimators V9 of the variance

where U, = Lym A% Imp

Imp
of é}fli,,

1
m—1

{=1,...,m,and B,, = Y (él(ﬁl)p — éMImp)z is the empirical variance of the
single imputation estimators. Though v,%ub was introduced in the Bayesian context, it is
widely used in applications for all kinds of data. In this aspect there is some criticism of
the Rubin estimator in the literature mostly concerned with analysis of its bias, see e.g. Fay
(1992), Kim (2004), Kim, Brick, Fuller, Kalton (2006), von Hippel (2013), Wang and Robins
(1998), Robins and Wang (2000), Nielsen (2003), von Hippel (2007), Hughes, Sterne and

Tilling (2016), as well as with the optimal choice of the number of imputations, see e.g. von

Hippel (2005), Graham, Olchowski, Gilreath (2007), Bodner (2008).

We analyze variance estimation when the procedure of multiple imputation is applied to

> 1 . . . 2 1 >
themean X = 1 ¥ | X; and the standard estimator of its variance, 5~ = A=) " (X —-X)%

We consider the Bayesian Gausian model with the Gaussian distribution for the mean and

unknown variance (the case of non-informative prior is also studied). We design a natural
imputation scheme based on conditional distribution of Xge|Xg, where R and R¢ are respec-
tively, observed and unobserved part of the sample X of size n. In this scheme we introduce
a class of the Rubin-type estimators of variance and investigate its properties. In particular,

we derive the optimal estimator within this class.

Multiple imputation for different Gaussian models have been already considered in the

literature, see e.g. von Hippel (2013a, b), Di Zio and Guarnera (2008). However, to the



Non-admissibility of the Rubin estimator of the variance. .. 11

best of our knowledge, no results on optimality of the variance estimation are available. In
general, it may not be feasible since it involves expressions for moments of the fourth order
which typically are hard to handle. But in some special models, as the Bayesian Gaussian
model with random Gaussian mean, we analyze here, such formulas are available. In this
model we study the optimal estimator of the variance of the multiple imputation estimator in
the class R = {aU,, + BBy, @, € R} of the Rubin-type estimators. We derive optimal co-
efficients a and 8 and show that the Rubin estimator is not only biased but also inadmissible.
Precise expressions for optimal o and 3, we derive, are quite complicated (though explicit)
functions of the number of imputations m, the original sample size n and the response rate f.
Therefore we also propose a simplified version of optimal coefficients of the form o.. = %
and B = —ﬁ (for large n and m — ). We also compare asymptotic properties as

(m — oo and n is arbitrary) of the optimal estimator and the Rubin estimator.

The paper is organized as follows: In Section 2 basic properties of single imputation in
the Bayesian Gaussian scheme are derived. This gives a base for analyzing, in Section 3,
multiple imputation in this model. Section 4 is devoted to study properties of the Rubin-type
variance estimators. In particular, it contains our main results in which we give the optimal
and approximate optimal estimators both for informative and non-informative priors. We
also obtain optimal unbiased estimators of the Rubin-type in the model with non-informative
prior. Additionally, in this section we analyze properties of these estimators when number of

imputations is large. Section 5 is for conclusions. All proofs are in the Appendix.

2. SINGLE IMPUTATION

Let (X1,...,X,,M) be a random vector with conditional distribution of X = (Xi,...,X,)

given M of the form

X|M = (N(M,6%))*",
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that is, conditionally on M the components of X are iid normal with the mean M and (un-
known) variance 6. Moreover, the distribution of M is normal N(u, k6?), where u € R
and k > 0 are (known) hyperparameters. We refer to this model by GmG(u, 62, k), the

"Gaussian-mean-Gaussian" model with parameters (i, o2, .

Alternatively,
Xi=M+o0ocZ;, i=1,...,n,

where Zi,...,Z, are iid standard normal random variables and (Zy,...,Z,) and M (defined

above) are independent.

LetR C {1,...,n}, #(R) = r, be the set of labels of those X;’s which are observed, that is
Xg = (X;, i € R) is the observed and Xge = (X;, i € R°) is the missing part of the sample X.
For future reference by f = r/n we denote the response rate. Missing variables are replaced
by imputed ones X;, i € R°. Thus, the sample after imputation, Xy, = (Xi, ..., X), has the
form
~ Xi, 1€R,

X =

Xi, [ER°.

Hence the imputation versions of estimators X and S? are

=

=

% 1 % 2 1 % v 2
lep =1 Xiv Slmp = =1 (Xi _lep) .

1 i=1

It is well known that in GmG(i, 62, k) model the conditional distribution of unobserved

Xpge given observed Xp is (n — r)-dimensional Gaussian

Xge|Xg ~ N (”iffl” Ige, 0% (Ige + 75 1R¢‘1£c)) :

where Xz = %Z,ER Xi, 1z € R" " is a vector of 1’s and Igc is an (n—r) x (n—r) identity

matrix.

Consequently, Xge has the representation

rkXg+
Xpe = s oW,

where

W= (W, i€R)=2+ /755U,
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Z = (Z;,i € R°) is a vector of iid standard normal random variables, U is a standard normal

random variable and (Z, U, Xg) are jointly independent.

Since the standard unbiased estimator of 62 based on the observed part of the sample is

5% = ﬁ Yicr(X; — Xg)?, provided r > 1, it is natural to impute missing values by

~ X’ .
Xj= "Rt L S Wy, jERC (D

Consequently, the imputed sample has the form

Ximp = (Xivi € R, "S5 155, jERE).

Theorem 1. In GmG(u, 62, k) model with imputed values defined in (1) the imputation

version of the sample mean is

Ximp = [ X+ (1= f) (Gr B+ SkW) )

where W = Z + UandZ = -1 Ycpe Z;.

K‘+l

The estimator )_(lmp is unbiased, i.e. IE)_(lmp =EM = u. Its variance is
VarXpmp = 67 (nk+1) 3)

and its MSE has the form

MSEXImp =E (lep _M)2 = 0-7 (1 + 2(rlc-&-)l ) )

Now we consider the imputation version of §? = ﬁ YU (Xi—X)%

Theorem 2. In GmG(u, 02, k) model with imputed values defined in (1) the imputation

version of the sample variance is

e _\2
Sinp = = 1{SR(V—1+("—V—1)Sz) r(1=f) (’f",;;‘f—SRW) } (5)

It is an unbiased estimator of 6* and

VarSt, = s {r= D —r=2)+n(n-2)+ 7 (2(1=2)+37)},  (©)
where T2 = fzﬂf
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THE CASE OF NON-INFORMATIVE PRIOR

Consider now the special situation of non-informative prior distribution of M. This is

formally realized by taking the limit k¥ — oo in the previous considerations.

Therefore in the case of non-informative prior we impute the missing variables according

to the formula

XjZXR-i-SR(Zj-i-%), JjERS,
and thus the imputed sample has the form

lep = (Xi, i€R, }_(R+SR (Zj+ %) , JE RC) .

Consequently, the imputation version of the sample mean, see (2), is

lep :XR+(1 _f)SR (Z+ %) .
The MSE of Xj,,, has the form, see (4),

MSE Xppp = E(Xpp — M)? = & (2 f).

Note that limx_.. 7> = 1. Therefore, (5) yields

B 2
Simp = 715k {r—1+(n—r—1)s§+r(1—f) (Z+%) }

7
and (6) implies
4
Vars},, = 28— {(r+ =)+ (1= 1)},
3. MULTIPLE IMPUTATION
In multiple imputation several, say m, imputed samples XEQP = (f(iw, i=1,...,n),

[=1,...,m, are created in such a way that random vectors Xgi) = (}?(3)7 iERY),L=1,...,m,

i
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are conditionally independent given the observed part of the sample Xg = (X;, i € R) which is
common in all imputed samples. Having these samples defined we consider respective impu-

and of the sample variance, (S st ) l=1,.

tation estimators of the sample mean, X, ,( ) Tmp

mp
The multiple imputation estimator of the mean is
o 1y g0
XMImp =m lep' (7)
=1

3

Let us emphasize that this is the case of the proper multiple imputation procedure since
any Bayesian multiple imputation is proper if only the complete data estimator is the MLE -

see Nielsen (2003) - and this is the case of the empirical mean in the Gaussian model.

The Rubin estimator of the variance of Xy, p 18 defined as
2 7 1
VRub - Um+7ml: Bm,

where
—L ; ( ,mp) @®)

and
m

=t X (% Fomr) ©)

In GmG(u, 62, k) model imputed samples have the form

Xip = (Xoi € R, 2 e jeR), (=1m, (10)
with
where Zj(»/), jeR,UY ¢=1,... m,are iid standard normal random variables.
It is easy to see that
w =70 4 v, r=1,....m,

rK+]

are iid normal random variables with zero mean and variance 72 = %
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Theorem 3. In GmG(u, 62, k) model with imputation defined in (10), the multiple imputa-

tion estimator of M has the form
Xuttmp :f%XR‘f‘ (1-1) (ﬁﬂ"‘SRVT/) )
where W = %Z'é":] w0,
Statistics By, and U,, defined in (9) and (8), respectively, assume the form.:
By=(1—f)*S%S%

and

. % -
Un = 551y {SR[V71+( 7r71)5§}+r(17f)<m+1 SRW) *ff”’m‘Bm},

(wo-w)’.

Theorem 4. The estimator XMIm,, is ubiased for M and its MSE has the form

where
m m

§% =1 Z Sé(,) and S%, =
(=1 (=1

MSE Xytimp = E (Xytimp — M)* = (:’,ﬁi{+ LS f) Ze?

Moreover,
2

Ef, =<,

and
22

EB, = (1 7f)g

r

and the Rubin estimator vl%ub is biased with the bias

Y 2(1— 2 2
Bv2, = Ev3,, — MSEXypy = 20-1) ©0°

nk+1 r

Remark 5. Note that the relative bias of the Rubin estimator has the form

]Bvéub — 2(l_f) < 2(l—f)
MSEXp1mp VlK-‘rf—‘r%(l—f)(nK-&-l) nik+f

an

(12)

(13)

(14)

(15)

(16)

a7

(18)

Therefore, in the case of non-informative prior, that is when K — oo, we see that the Rubin

estimate VI%ub is unbiased for MSEXMI,,,,, which in this case (i.e. when K — o) assumes the

Sform

_ _ 2 s
MSE Xyjmp = E (XMImp *M)z =2 (l + %) :

-
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2(1-f)

Note also that WK

the right-hand side of (18), is the supremum over m of the relative

bias for n, f and x given (actually, it is its limit when m — o). For § < 25,:? it follows that
if the number of imputed samples m satisfies

O(1—f)(nx+1)
M < =)= 6(nxt /)

then the relative bias remains below the level 8.

4. OPTIMAL RUBIN-TYPE ESTIMATOR OF THE
VARIANCE OF MULTIPLE IMPUTATION ESTIMATOR

In this section we consider estimator of the MSE of )_(M,m,, in the class R of generalized

Rubin estimators of the form
vi(a,B)=al,+ BB, o BcR. (19)
Note that the Rubin estimator v,%ub belongs to class R witha =1 and f =1+ %

Observe that the coefficients of the Rubin estimator do not depend on the response rate f.
As it will be shown, the optimal coefficients do depend on f. In this context it is worth to
mention that Bjgrnstad (2007) (accompanied by a discussion in Skinner (2007)) suggested

a modification of the Rubin estimator V1%ub by incorporating f in the coefficient B of B, as

1
YTI—f

and then the approximate condition Var éMImp ~EU, + (k+ %)EBm allowed to conclude

follows: v§j0 =v2(1 + L), Actually, a more general form 8 = k+ L was considered
that k = ﬁ Nevertheless, the optimality of vﬁ o Was not analyzed there. For a comparison

of vl% o with the Rubin estimator see Laaksonen (2016a,b).

The aim of this section is to find optimal weights o, 8, i.e. such that the estimator (19)
has the smallest MSE in the class $3. We will also compare the optimal estimator in the class

R with the Rubin estimator V}%ub and the Bjgrnstad estimator vl% jo"

The basic auxiliary characteristics for this kind of study are variances and covariances of

U,, and B,,,.
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Proposition 6. In GmG(u, 62, k) model

Varl = S | (r=1) (1= )1+ 52 2) 4 (n-24 22) 4 ) |
(20)
VarBy, = 22 0P (14 241, @1
and
Cov(U, Bu) = 25U [n— 2472 (14 251)] (22)
Remark 7. From (20) - (22) and (15), (16) it follows that
ET? a
BB, | =20 b |, 23)
EU,.B,, c
where
N (2:91;{'21 . 2(142)(2(#17;%2?;%4)(1+r2)) ’
b= TR,
o= S0 (14 52 + ity
Theorem 8. Let
o =TEEE ed b= o @4)
where
A= (1 22 20 25)
Ao =3 — s + e (26)
Ay=S 4 (1-7) (:; + ZrH”r:"lﬂ(lr’_”Sr)“”z)) , @)
Ag=2+ U021 g2y, (28)

Then V2 (o, B.) has the smallest MSE among the estimators of the MSE of Xutimp from

the class ‘R.
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RMSE for optimal and Rubin estimators

empirical RMSE of v¥(o-,B.)

0.04
1

———— theoretical RMSE of v*(a.,B.)
- 2
<<<<<<<<< empirical RMSE of vg,

2
------- theoretical RMSE of vg )

RMSE

0.00
1

20 40 60 80 100

response rate

Fig. 1. Theoretical and empirical RMSE of the optimal estimator v? (., ;) and the Rubin estimator
v,%ub. Here m =5, n =100, 02 =1, 1 =0and x = 1. The empirical versions are computed from 100

repetitions
The optimal MSE is

MSEV2 (e, i) = % Ag (Ag — 0t f — Bu(1— )7%) . (29)

Remark 9. A comparison between the RMSE’s (root MSE) of the optimal estimator
v2(ay,B.) and the Rubin estimator V3, is illustrated in Fig. 1 (with a close-up for high

response rates in Fig. 2). The difference is larger for smaller response rates.

4.1. THE CASE OF NON-INFORMATIVE PRIOR

The non-informative prior is the case when Kk — oo (which is equivalent to 72 — 1). The

model we consider is denoted as GmG(p,62,0). Then the optimal coefficients @ .. and
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RMSE for optimal and Rubin estimators

0.004

0.003

RMSE

0.002

empirical RMSE of v?(c.,B.)

0.001
1

——— theoretical RMSE of v*(ct.,B.)
------ empirical RMSE of V3,

....... theoretical RMSE of 2,

0.000
1

T T T T T
75 80 85 90 95

response rate

Fig. 2. Close-up of Fig. 1

B: of the estimator v(a,3) € 9 are obtained by taking respective limits of o and S,

defined in (24)—(28) of Theorem 8.

Theorem 10. Consider GmG(u, 62, 0) model. Let

_ nm—2m+1 _ r—1
Ot*,,m = ﬂT_;;K and ﬁ*’oo = —WK, (30)
where
2(r—1) 1+%>
= mn=1)(r+ DA .
and

2
A= lim Ay = (14200 ) 2l (14 02
K—voo

[n(nfl)z m—1 m(n—])

Then, in the case of non-informative prior, Vz(a*ﬁw, Bi ) is the optimal estimator of the

MSE ofXMImp in the class R. The MSE of this estimator is

MSE V(0 Bre) = & (14 50) (14 5L = tomf = Bowl1 = 1)) . BD)
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Remark 11. For n — oo in such a way that the response rate f remains constant we obtain

-
. 1+—=
N 0,00 = —7-,
| wonr(1+15)
Jim npco = ——— ="

Thus for large sample size n and small m we can use an approximate optimal version of the

estimator of the MSE of the form

Vz(a*,mv ﬁ*,m)a (32)

where approximate (for large n) values of 0 .. and B, . are

(1-f
1-f (mfl)f(u—)
1+
O = —7"— and Bem = _T_f)m-

Taking m — o0 in O, and P, we get

_1 =—_1
Our = 7 and Bix = TUETIE

Thus, if additionally number of imputations m is large one may use a simplified version of

the optimal estimator of the form

V2 (O, Bis)- (33)

As it is seen in Fig. 3 and Fig. 4 below, both approximate estimators of the MSE,
V(0 s Bism) and V*(Os, Pus), are close to the optimal one and perform much better than
Rubin’s estimator v, = v*(1,1+ 1/m). The same holds true for the estimator v?(au, By),
where oy =1/ f and B = (% - 1l—f) % designed as simplified approximate optimal for the or-
dinary (non-Bayesian) Gaussian model in Wesotowski (2017). As emphasized in Van Buuren
(2018), p. 72, the % part of the B coefficient in V]%ub "is critical to make multiple imputa-
tion work at low levels of m". However, as we see in Fig. 3, performance of VI%ub for low m
(Fig.3 is for m = 5) is much worse than that of the optimal or approximate optimal estima-
tors. Actually, performance of vI%ub Jfor low m is even worse than that for high m (Fig. 4 is
for m =100). The Bjgrnstad estimator, vg o except of very small response rates, performs

poorly for both low and high m.
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Relative RMSE wrt optimal estimator: low m

1.0

0.8
1

Relative RMSE

V(0 Bre)

2
| VRub

0.4

......... V(0 B )

------- V(a,8)

2
VEID

0.2
1

0 20 40 60 80 100

response rate

Fig. 3. Ratios (the case of low value of ): the RMSE of the optimal estimator v (¢, B:) divided by
the RMSE of V(s Bsx), vI%ub’ vz(a*,,,,ﬁ*,m), v2(ay,By) and véju, respectively. The computations

were done form =35, n= 100,62 =1, Kk = o0

4.2. UNBIASED ESTIMATORS FOR NON-INFORMATIVE PRIOR

Note that it follows from the formula for the bias of Rubin’s estimator, see (17), that if
K — oo, that is in the non-informative case, v,%ub is unbiased. We have already seen that this

estimator is non-admissible in the class fR.

Now we address a natural question of optimality of the Rubin estimator among unbiased

estimators of the class R, i.e. we are interested in the class
Ry = {a Uy + BBy : such that «EU,, + BEB,, = MSEXp1mp} C R.

As it is shown below, Rubin’s estimator VI%M,? is non-admissible also in R,,.
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Relative RMSE wrt optimal estimator: high m

1.0

0.8

0.6
1

Relative RMSE

V2(Otes, Bv)

0.4

2
Rub

- %
......... V(0 Bem)

------- RGN

0.2
1

2
Vejo

o] 20 40 60 80 100

response rate

Fig. 4. Ratios (the case of high value of m): the RMSE of the optimal estimator v (s, B8,) divided by
the RMSE of vz(a**.,ﬁ**), vI%ub’ vz((x*?m,ﬁ*,m), v2(ay,By) and véju, respectively. The computations

were done for m =100, n =100, 02 =1, Kk = =

Theorem 12. We consider the model GmG(p, 6%, ). Let

_1 1-f (m(n=2)+1)(n—1)
G = f (1 + 7) m(nfml)réf(mfl)?nﬁ»rfn (34)

and

_ 1 1-f (r—1)(m—1)
ﬁ*7“ - T 1-f (1 + 7) m(n—1)2—(m—1)(n+r-2)" (35)
Then vz(a*"m B..u) is optimal estimator of the MSE of the Xyimp in the class R,,.

Remark 13. Note that in the case of unbiased estimators, simplified versions of
vz(oc*,u7 Biu) for large n and large both n and m are exactly the same as the estimators
given in (32) and (33), respectively. It follows from the fact that the limits of o, and nf,

as n — oo and then as also m — oo are exactly the same as in Remark 11.

Proposition 14. The MSE of the Rubin estimator v,%ub has the form

2
MSE Vg, = 255 ((1 +120) +A> : (36)



24 Konstancja Bobecka, Jacek Wesotowski

Relative SD of optimal unbiased and Rubin's estimator
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Fig. 5. Ratios: standard deviation of optimal unbiased estimator V(e B«,) divided by that of
the Rubin estimator vI%ub for different choices of m = 3,5,10,50. The computations were done for

n=100,02=1

where

— (rt0d=f) | _rf (m+12(1—f) | 5 (m+1)f
A= m (,,,1)2+ mm(mfl) +2myén71)

In Fig.5 we compare standard deviations of vz , and v?(c 4, Bs,) for traditional choices
for m, that is m = 3,5,10 and the higher one, m = 50. We see that the larger m gets, the
closer standard deviation of the Rubin estimator to the one of the optimal unbiased estima-
tor. Actually, as it is proved in the next result, asymptotically (as m — o) they are identical.
Nevertheless, the optimal estimator V(0 e, Bi.) (the one without the unbiasedness con-

straint) is asymptotically strictly more efficient than vl%uh.

Theorem 15. If r > 1 then

: 2 : 2 204
lim Vary (Qu, Bew) = lim Varvg,, = ﬁ (37)
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Moreover,

. MSEV?(0 0, oo _
lim ( 2 ﬁ ) _r—1
m—yoo VarvRub

<1 (38)

S. CONCLUSIONS

In this paper we analyzed the multiple imputation methodology in the Bayesian Gaussian
model with the Gaussian mean GmG(u, 62, k). We derived optimal weights ¢, and B, such
that the estimator v>(at, B.) of MSE Xy11mp in the class R of Rubin-type estimators of the

form

vi(a,B) = ol + BB, o,BeR,

is optimal, i.e. it has the minimal MSE. This estimator outperforms the popular Rubin esti-
mator, V3, = V>(1, (m+ 1) /m), with respect to both the bias and the MSE. Since the Rubin
estimator is widely used in practice it is worth to emphasize that, in view of the obtained
results, this estimator is inadmissible (at least in the Bayesian Gaussian GmG(u, 62, k)-
models). Similar situation holds for optimal unbiased estimators for non-informative prior,
that is in GmG(u, 62, %) model in which the Rubin estimator is unbiased. Nevertheless, at
least in the case of large m both the Rubin estimator and the optimal unbiased one have the
same asymptotic MSE. Since the formulas for the optimal coefficients o, B, and o 4, By
(u stands for the unbiased estimator) are quite complicated we propose their approximate
Oy, B or simplified @, B versions. Numerical experiments show that performances
of the optimal, approximate optimal and simplified optimal estimators are comparable under
the model with non-informative prior. Therefore, in practice, when the extraordinary pre-
cision is not neccessary, we recommend to use non-informative prior with either simplified

(when both m and n are large) or approximate (when n is large only) Rubin-type estimators.
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APPENDIX

1. PROOF OF THEOREM 1

Proof. The form of the imputation estimator as given in (2) follows immediately from the
way, (1), we impute variables. Note that in the GmG(u,c?, k) model X; = M + 6Z;,
i € R, where Z;, i € R, are iid standard normal random variables and (Z;,i € R) and M
are independent. Therefore, §% = % Yick (Zi—Z)? and Xg = M + 6 Z are independent too.

Consequently,

~ N _ _
VarXy = (W) VarSe + (1= £)2 Varsg.

Moreover,

VarXg = VarM + 6°VarZ = € (rk 4 1). (39)

Note also that W ~ N (0, ‘EZ), where

=2 +1 _ 2
= (nfzf(rKJrl) - r(lrff) (40)
and thus
VarSgW = ES: EW? = 6242
Therefore,

_ n 2
VarKiy = (L) S e+ 1)+ (1= )2 02 il s,

After simplifications one gets (3).
Note that
MSE X = E((Xpmp — 1) — (M — w))? = Var Xy, + VarM — 2Cov(Xjp, M).
Since

Cov(Rymp, M) = S Cov(%p, M) = N Varm

by (3) we get
MSE Xy = & (nk+1) + 0%k — 205 0 52

After simplifications we arrive at (4). O
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2. PROOF OF THEOREM 2

Proof. By (1) directly from the definition of S%mp we have

G _ 2
Slmp Z (X lep + Z (”;iilu + SRVV, _lep) =L +Db.
ieR i€RC

Using (2) for X;p, after computation, we get

h=(r=1)sh4r(1 - £ (B 5w ),

b= (n—r— 1S3+ rf(1— f) (k- SRW),

where for I we use additonally the fact that S%, = S%. Thus (5) follows.

Note also that
ES: =0, ES;=1.

Moreover, Xg, Sg and W are independent and thus

_ 2 _
E (S SRW) —E(Fh) +ESIW2, @1
By (39) we get
E(%0) 2 1y, o
il ) = (rm) ArAR = Hekr D)
Since Xk and W are independent
ESiW? = 2 ESz. (42)

Consequently, due to (40), we see that (5) implies

ESfy =1 (n=240f(1= 1) (5 + 7)) = 0%
and thus S,Zmp is unbiased for 62

To prove (6) we first note that S%mp can be rewritten as

(n—1)8},,, =Sk (r=1+(n—r—=1)Sz+nf(1—f)W?)
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o N2
r(1—f) (f§+ﬁ‘) —2r(1— f) BB W —: Ay + Ar+ A5
Since X and the random vector (S%, S%, W) are independent it follows that Cov(A;,A) = 0.

Moreover, since additionally E (Xg — pt) = 0 = E (Xg — u)? it follows that Cov(A;,A3) =0
= Cov(A;,A3). Therefore

2
(n—1)2Vars3,, = Vi + ( ﬁ,‘;{)) ( b +4v3) (43)
where V| = VarS3Y with
Y=r—14+m—r—183+r(1—f)W?, (44)
= Var(Xz —u)? and V3 =Var(Xg—u)SgW
Note that for independent random variables A, B we have
VarAB = VarA VarB+ (EA)*Var B+ VarA (EB)>. (45)

Consequently,

V) = VarSzVarY + (ES%)? VarY + Var Sz (EY)?.
Since "5 —1 5% has the y*(r — 1) distribution we have
VarSg = -2;0%. (46)

Moreover, see (42) and note that r(1 — f) 72 =12,

EY =r—1+(n—r—1)ES2+r(1—f)EW? =n—2+1°. (47)
Since S% and W are independent

VarY = (n—r—1)*VarSs 4+ r*(1 — f)*Varw?,

Note that (n — r — 1)S2 has the y*(n — r — 1) distribution. Consequently,

VarSs = 2

n—r—1°

Since W ~ N(0,#2) it follows that Var W? = 2#*. Summing up we get

VarY =2 (n—r—1+1%). (48)
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Consequently,
VarSaVary = % (n—r—1+1%), (ESg)*VarY =20 (n—r—1+1*)

and

VarSy (EY)? = % (n—2+72)2.

Therefore, combining the first two terms of Vi, we get

Vi =200 (114 + 29 (24 12)
Since Xz ~ N(i, 025t ) we get
Vy =20 ()2 (49)
By independence of Xg, S%, W we conclude that
V3= VarXgESg ¥ = Kt g4 22,

Finally, plugging the formulas for Vi, V; and V3 into (43) we can write

(n— 1)2VarSImp
_ 264 { (r+1)(n—r—])+(nr121)2+2(n—2)rz+3r4 + (1 o )2 (

(re+1)2 +25% K'+l +r7 )}

Plugging %2 as given in (40) we get

2 24
(1- 1) ((rk+1)2+2rk+]+rr) 1.

Hence, after some algebra, (6) follows. O

3. PROOF OF THEOREM 3

Proof. Each of imputed samples (10) gives rise to the imputation estimator

Ky = £ S (1) (e b 0) o=t
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and thus (11) follows immediately from (7).

Plugging
X\ Xy = (1= £)Sg (WO W), =1
Imp MImp — f R 5 =1,....,m,
into (9) we get (12).
2
For ¢ = 1,...,m, the imputation version of S statistic, (Sﬁfn)p) (see (5)), satisfies

(n=1)(i0y)” =5k (r— L+ (n—r—1)5%, +r(1— 1) (vw>)2>

o 2 o B
1= 1) () —2r = it seb O

Taking the mean according to (8) we get
n(n—1)0,, = 52 [r— 1+ (n—r—1)8%+r(1—f) (’"T’IS%,—H/T/Z)}

i, 2 . -
(= f) (Bt ) = 2n(1 - )2t s,

Thus (13) follows.
[
4. PROOF OF THEOREM 4
Proof. The unbiasedness of Xl(ri)p, for any ¢ = 1,...,m, implies immediately that Xy/zy,, is

unbiased.

Note that MSEXMImP can be computed as follows:

LE (Z (Ko, — M)) — LMSEX;,,, + =1 Cov (X,(,,?p ~M.X}) M) .
(=1

From (2) we conclude that

— l — 2 —
Cov (Rip, =M. Xfp), M) = Var(s*e — M)

+(1—f)Cov (rsz — M, Sg(w) +W(2>)) +(1—f)*Cov (SRW(1)7 SRW<2>) .
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Since (Sg,W) and (X,M) are independent the first covariance in the line above is zero.
Moreover, independence of Sg, W W) and W) together with the fact that EW® = 0,/=1,2,

implies that the second covariance also vanishes.

Since Xz = M + 0Zg, where Z;, i € R, are iid standard normal random variables and

(Zi)icr and M are independent we conclude that
Cov (Riyy =M, Xjp, = M) = Var (2 0Zg + (1 1)M)
_ +1)f
G

This formula together with (4), after computation, gives (14).

_ 2 nk+f
n(rk+1)-

2
,mp) is unbiased for 62, see Theorem 2, we get (15).

Since, forany ¢/ =1,...,m, (SM>

Similarly, (12) implies EB,, = (1 — f)?ESFESZ = (1— f)?c?%? and thus (16) follows
from (40).

Using (14), (15), (16) and (40) we see that the Rubin estimate of the variance of )?/wmp is

biased with the bias

% 22
Evi%ub - MSEXMImp = o? + mtl (1 f)z‘L'zGZ (ﬂ + M) 62

n m n(rk+1) m

_a° (I=f)(nk+1)—nk—f
2 (14 i)

After calculation we get the formula (17). O

S. PROOF OF PROPOSITION 6

Proof. From the representation (13) we get

VarU,, = 7n2<n11>2 {VarSlzg)_’—i-rz(l —f)? (Var (fﬁ;‘f) +4Var)f§+ﬁl SRVT/) } ,

where

m

V=r— 1t (n—r= DS+ r(1—f) (W4 2L} ).
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Since Xk, $%, ¥, W are (jointly) independen, EW = 0 and EXg = u it follows that all the

covariances expected to be in Var U, are equal zero.

Note that ¥ = %):;":1 Y, where Y “), LY (m) are iid copies of Y defined in (44) (with
Z and W changed into Z" and W, respectively). Thus v < Y, ¢{=1,...,m. Hence
EY =EY and VarY = 1 VarY. Consequently, (45) yields

VarSi¥ = LESE VarY + VarS; (EY)?.
Note that E.S% = Vars3 + (E$2)2 = 208 1 g% = ©C1 Therefore (47) and (48) yield

VarSx¥ Gl [(n 2+1%) +ﬂ(n—r—1+‘c4)}.

m

Moreover, due to (49)

. 2
Xp—u\“~ _ 204
var (Yt ) = 5o

For the third term in the expression for Var U,, we obtain, see (39) and (40),

o2
mr2(rk+1)(1—f)°

Var 5l gp i = Var S LE 2 EW? =

Combining the three terms, after some algebra we arrive at (20).

To compute the variance of B, we use (12) and thus we get
VarB,, = (1 - f)*(VarSzVarS%, + Var S (ES5,)* + (ESg)* Var S, ).

<)W

Since has the chi-square distribution with m — 1 degrees of freedom it follows
that, see (40), ES§, = 72 and

VarSs, = 274 (50)

Consequently,

Varby = (1-1)* (32 (7 + 7)o 52 7) =201 - ot e ffny

To compute Cov(U,,, B,;) we first note, that

Cov(Up,Bp) = El](;fij(COV(SI%Y, S12¢S2W).
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since similarly as in the case of VarU,, remaining covariances are zero. Now, from the

definition of ¥ we have

Cov(SRY, SzS,) = (r—1)Cov(Sg,SzS5) + (n—r — 1)Cov(SzSZ, SzSs,)

+r(1— £)"=1VarSiS%, +r(1 — f)Cov(SgW?, SxS2,).

Now we compute three covariances and the variance of the above formula. First we note that
independence of S,z2 and S%, implies
4
Cov(S.SxS%) = (VarSg)ESE, = 29, 2.

r—1

For the second covariance Cov(SS7,5%S5,) we first note that S, = S%+2, /K582 +

k+1~ZU
ﬁS%/, where S% = ml_] Y, (20 —7)2, S%U = ﬁ):;":] (ZzO — 2y -~ ) and
Sy = rm W —0)% That is, S is a function of (UY, 1 =1,....m) and

(Z0,1=1,...,m), while 82 is a function of ((SY)2,1=1,...,m). Consequently, 52, 52

and S%V are independent and thus
Cov(S35%,525%) = VarS3ESSES2, = 291 72,
In view of (12) and (21) it follows immediately that

—1 2 @2 2047
mTVarSRSW: 0T (1+£)

r—1

To complete the computation of Cov(U,,, B,;,) we note that independence of S%g, W and
S‘%-V implies

Cov(S3W?,538%,) = Var REW B}, = 2251

Therefore,

Cov(Up,Bp) = (1= (20‘4‘?2—1- (n—r— 1)26,41%2 +nf(l —f)264f4 (1 ”‘r:rTl)) :

n(n; 1) r r—

And thus (22) follows. O
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6. PROOF OF THEOREM 8

Proof. Since

MSE(Vv*(a, B)) = Var(v*(a, B)) + B*(v*(a, B)) (51

— o’Var U, + B> VarBy, +20BCov(Uy, By) + (¢ET,, + B EB,, — MSE Xyzp)”
we have to minimize the function
T(a, B) = a*RU2 + B*EB2 +20BEU,B,, — 20E Uy MSE X1
~2BEB,, MSE Xytsmp + (MSE Xp1mp)*.

Therefore we differentiate T with respect to & and f to find the stationary point which

gives the minimum. Differentation leads to the system of linear equations

aEU2+BEU,B, = EU,MSEXymp, (52)
AEU,B,+BEB2, = EB,MSEXyy,. (53)
Therefore,

_ - _
- et e

_ o
B = e 2

Consequently,

_ _ 2
EOZEB, — (BUpBy)” = (CLAZ0=0) 4,

with A; defined in (25),

EU,EB — EB,EUyB, = 2 TSPl 4,

nr2(r—1)

with A, defined in (26),

_ _ _ 6.2(1_
EU2EB,, — EU, EU,B,, = 2% ‘As,
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with A5 defined in (27),

Note that (14) can be rewritten as

— 2
MSE(Xuyimp) = & - As,

-
with A4 defined in (28),

Therefore, plugging the above identities into (54), (55) we obtain the formulas for the

optimal o and B as given in (24).

To obtain optimal MSE as given in (29) we compute 7' (¢, B.). Due to (52) and (53) we
get
T(a*,ﬁ*) = MSEXM[mp(MSEXM[mP — OZ*EUm — ﬁ* EBm)

which, after referring to formulas for MSEXMImp, EU,, and EB,, gives the final result. [

7. PROOF OF THEOREM 10

Proof. Note that

2n(1—f)
a I+ (n—1)2m
~ — | U= m1
dm b =] Ean
(1=/) 2
¢ f (1 + m(nfl))
Moreover
2n(1—-f) \ m+1
Ay (1+(n71)2m) %7<]+m(n71))
1 1
lim Az — | m=1 " mn-1)
a7
Ay 1+ 1

Plugging the above values in the formulas (24) gives Oy = limy o0 and
Bsco = limy_s00 B as in (30) .

The MSE follows from taking the limit as k — oo in (29), which is the same as inserting
in this formula the limiting values of a,b,c and A{,A>,A3,A4 as obtained above. Thus the

result follows. O
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8. PROOF OF THEOREM 12

Proof. The standard Lagrange approach to the minimization problem for Var vZ(a, 8) under
the unbiasedness condition @EU,, + B E B,, = MSE Xjs1mp, leads to the solution

J(OC) MSEXMImp J(ﬁ) MSEXMImp

%u = Jia) BT, (B)EE, &nd Bew= T(@)ETy 1J(B)EBy’

where

J(o)=EU, VarB,,—EB,Cov(U,,B,) and J(B)=VarU,EB, —EU,Cov(U,,By).

We note that for 72 =1 (i.e. when Kk — o)

Ha)= LN (L L) g(p) = -0
and
MSE Xy11mp = 672 (1 + %) .
Hence we obtain o, and B, , as given in (34) and (35). .

9. PROOF OF PROPOSITION 14

Proof. Note that
Varvg,, = VarU,, + (1+ 1)*VarB,, +2(1 + L)Cov(T,, B

where VarU,,, Var B,, and Cov(U,,, B,,) are given in (20), (21) and (22), respectively. Plug-

ging ©> = 1 in these formulas, after calculations we get (36). O

10. PROOF OF THEOREM 15

Proof. Note that (36) implies

: 2 _ 20t
”llgnm Varvg,, = =)
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From (34) and (35) we get

(n—1)(n—2) - r—1
Jim = amneeoom @ M B = —amae o

Since limg_ye 72 = 1, from (20), (21) and (22) we get

ot . 264 (1-f)? 2071
lgn Var0,, = m7 %1320 VarB,, = %, lgn Cov(Up, Bi) = ;’( all )f).
m—yoeo m—oo m=yee

Thus

lim Varv (Ot* u,ﬁ* u) - P (I’ ) hm (fa*u+(1 - )ﬁ*7u)2

m—yoo

and the result follows since lim,—seo(f 0y + (1 — f)Beu) =1

We note that

_ : =1
,,ISEL Oyco =~ +1 hm O, and ,,E‘L‘Lﬁ*v“’— = Wlllm B u-
Therefore
2 .. 2 _ 20%(r-1)
i Var V(@ o, fuee) = (51)° Jlitm, VarvA( Bra) = 5555
Similarly,

lim BV (0 o, Brco) = im =t (04 BT + BrEBi) — MSE Xppmp | -

m—yoo m—yoo

Since V(0 4, B...) is ubiased for MSE Xy, it follows that

_ : % _ 202
,}JL‘LBV (O 00y Brco) = (m, 1) n{grleSExM,n1p = fr(ril).

Finally, we get

20%(r—1) 202 \? _ 20t
’}IL)IILMSEV (Ot* oc7ﬁ* oo) = 2012 + (r(rJrl)) = 20"
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Abstract: In this article we present a collection of problems and results concerning a special type of
hypergraphs which emerged recently in discrete geometry, in a context of multiple coverings. These are
uniform hypergraphs on the set of positive integers whose edges can be linearly ordered by a relation
inherited from the natural order of the integers. We call them chain hypergraphs. One transparent example
is based on the family of homogeneous arithmetic progressions of fixed length k, which are sets of the form
{a,2a,... ,ka}, with a € N. Is there a k-coloring of N such that every member of this family is rainbow?
This innocently looking question has some unexpected connections to deep number-theoretic problems.
Another challenge concerns the weak version of a hypergraph coloring, in which it is sufficient that no edge
of a hypergraph is monochromatic. It is conjectured that every chain hypergraph (with sufficiently large
edges) is weakly 2-colorable. We discuss possible ways of attacking these and other related problems. We
also pose some new questions involving other kinds of coloring for chain hypergraphs.
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1. INTRODUCTION

A hypergraph is a pair H = (V,E), where V is a set whose elements are called the vertices
of H and E is any collection of non-empty subsets of V, called the edges of H. A hypergraph
is k-uniform if each edge is of cardinality k. A coloring of a hypergraph is any mapping
from its vertex set V' to a certain set of colors. We will discuss several coloring problems for
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a special family of hypergraphs that emerged recently in discrete geometry (see Palvolgyi
[18] and Pach and Palvolgyi [17]). It is defined as follows.

LetV ={1,2,...,n}. Let A={ay,...,a;} and B={by,...,b;} be two k-element subsets
of V, numbered increasingly, thatis, a; < a; and b; < b; for every pair of indices 1 <i < j <k.
We write A < Bif a; < b; forall i € {1,2,...,k}.

A k-uniform hypergraph H on the vertex set V is called a chain hypergraph, or shortly
a chain, if for every pair of edges A, B of H we have either A < B or B < A. Equivalently, that
the whole collection of edges of H can be put into a linear order accordingly to this relation.

A coloring of a hypergraph H is proper if in this coloring no edge of H is monochromatic.
The chromatic number ) (H) of a hypergraph H is the least number of colors in a proper
coloring of H. The following intriguing problem concerning the chromatic number of chain
hypergraphs was posed in [18].

Conjecture 1 (Pdlvolgyi [18]). Every k-uniform chain hypergraph H satisfies y(H) = 2, for
a sufficiently large k.

It is easy to see that 2-uniform hypergraphs (which are simple graphs) can demand more
than two colors for a proper coloring. In [18] it was demonstrated that also 3-uniform chain
hypergraphs may have the chromatic number greater than 2. However, no example of a 4-
uniform chain with the chromatic number greater than 2 is known. On the other hand, one
can easily prove that every chain hypergraph H satisfies ¥ (H) < 3 (see Theorem 3).

It is perhaps worth noticing that to prove Conjecture 1 it is sufficient to confirm it for just
one specific value of k. Indeed, for every m > k, any m-uniform chain H can be restricted to
a k-uniform chain H' by taking the first k elements of every edge. So, every proper coloring
of H' is a proper coloring of H and therefore we have y(H) < y(H').

We will also consider other types of colorings for chain hypergraphs. For instance, in
a rainbow coloring no edge may contain two vertices with the same color. Let us denote by
Xr(H) the rainbow chromatic number of a hypergraph H, that is, the least number of colors
in a rainbow coloring of H. Clearly, for every k-uniform hypergraph we have ,.(H) > k.

Our favorite rainbow coloring problem for chains concerns a special sub-family of hy-
pergraphs, whose edges are homogeneous arithmetic progressions, that is, sets of the form
{a,2a,...,ka} for any a € N. We call them homogeneous arithmetic chains. The following
conjecture was posed independently by Bosek (see [6]) and Pach and Pélvolgyi (see [17]).

Conjecture 2. Every k-uniform homogeneous arithmetic chain H satisfies
xr(H) =k.

One may easily prove that the conjecture is true for k = p — 1, where p is any prime
number (Proposition 23). However, in general the conjecture might be hard to prove. Indeed,
it is stronger than the statement of the famous Graham’s gcd-problem, which was eventually
proved by deep methods of analytic number theory (see [3]).

We will further discuss the above problems in subsequent sections including some results
here and there.
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2. SKELETONS OF CHAIN HYPERGRAPHS

We start with proving an upper bound for the chromatic number of general chain hyper-
graphs. The proof shows that every 2-uniform chain is 3-colorable, which is actually a known
fact. Indeed, 2-uniform chain hypergraphs are the same as well-known and intensively stud-
ied 1-queue graphs, which are known to be 3-colorable (see [11]). We decided to include our
algorithmic proof, which is slightly different from the one presented in [11].

Theorem 3. Every chain hypergraph H satisfies Y (H) < 3.

Proof. As mentioned above, it suffices to prove the assertion of the theorem for graphs
(2-uniform chains). Let G = (V, E) be a chain graph. Consider the following algorithm:

Algorithm 1: Lazy-Greedy Coloring
QOutput: proper coloring f of G

1 c+1
2 for each v € V(in increasing order) do
if v has a neighbor u such that f(u) = ¢ then
¢ <+ minimum color not appearing in { f(u): u € N(v) and u < v}

set f(v)=c

[V, I SN OS]

If a vertex v has a predecessor which is its neighbor, then we call it important. Let w,, be the
leftmost neighbor of an important vertex v. For two vertices x <y, let [x,y) = {u: x <u <y}.

We claim that the Algorithm 1 colors any chain graph using at most 3 colors. To prove
that we shall show that the following invariant holds:

Invariant: Before an iteration of the algorithm, for an important vertex v, the vertices of
[wy, v) are colored with at most 2 colors such that for some vertex x € [wy,v), the vertices of
[wy,x) are colored with one color and the vertices of [x,v) are colored with the other color.

Clearly, the invariant is true before the pass of the for loop for the leftmost (the first)
important vertex.

Now suppose the invariant holds for all important vertices preceding a vertex v. Let u be
the most right important predecessor of v and let x be a vertex such that the vertices of [wy, x)
are colored with blue and the vertices of [x,u) are colored with red. If u has a neighbor y in
[x,u), then u is colored with a color, say ¢, different from red. All vertices of [u,v)\ {u} are
colored with ¢ too because they are not important. Moreover, x < w, because G is a chain
(consider the edges uy and vw,). One can easily observe that the invariant holds for v.

Thus, assume that u does not have a neighbor in [x,u). Then, we are done again because
all vertices of [u,v) are colored with red and w,, < w, (since G is a chain).
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From the invariant it is easy to observe that the algorithm uses at most 3 colors. Indeed,
since all colored neighbors of v received one of the two colors, we can always use the third
color to color v.

O

To obtain a general upper bound for the rainbow chromatic number of chain hypergraphs
we need to consider an auxiliary structure — the skeleton graph of a hypergraph. Let H
be a hypergraph on the set of vertices V. The skeleton graph G(H) of a hypergraph H is
a graph with the same vertex set V and the edges joining all pairs of vertices which appear
in a common edge of H. It is obvious that any rainbow coloring of H is at the same time
a proper coloring of G(H ), and vice versa. So, for every hypergraph H we have

2-(H) = x(G(H)). (1)

Recall that the clique number of a graph G, denoted by @(G), is the largest integer ¢ such
that G contains the complete graph K; as a subgraph. It is clear that every graph G satisfies
©(G) < x(G). Hence, every hypergraph H satisfies

o(G(H)) < 2-(H). 2)
If H is k-uniform, then o(G(H)) > k.
The following simple proposition will be used in bounding the rainbow chromatic number
and the clique number of skeletons of chain hypergraphs:

Proposition 4. Let H be a k-uniform chain hypergraph H on the vertex set V and let v € V.
There exists a k-uniform chain hypergraph H' such that G(H) —v C G(H'").

Proof. Let H be a fixed k-uniform chain. To simplify the notation we denote by G(H) the
skeleton of G by G’ the graph G —v.

Let H” be the subhypergraph of H induced by V \ {v}, that is, we remove from H the
vertex v and all edges containing v (note that some vertices may become isolated). Let G”
denote G(H"). Clearly V(G") =V (G') and E(G") C E(G').

We shall construct H' iteratively. If E(G”) = E(G’), then we are done. Suppose then that
there are two vertices u,w such that uw € E(G') and uw ¢ E(G"). Then there is an edge
B = {b1,bs,...,b;} in H, such that u,w € B (clearly B is not an edge in H"”). Moreover,
vEB.

Consider the following two cases:

Case 1. There exists an edge in H”, which precedes B in the order < defining chain hyper-
graphs. Let A = {ay,a,...,a;} be the edge of H” directly preceding B in this order. Define
A'={d},d),...,a}} as follows:

P\ by if by = u,

Let H' be the hypergraph H” with an additional edge A’. Since A <A’ < B, H' is a k-uniform
chain hypergraph. Moreover, since u,w € A’, uw is an edge in G(H').

,{mﬁh¢mw
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Case 2. There is no edge in H” preceding B in the order <. Let C = {cy,c¢3,...,c} be the
first edge in H”. Define C' = {c/,¢c5, ... ¢, } as follows:

. {qﬁh#mw

T byif by = .

Let H' be the hypergraph H” with an additional edge C'. Since B < C' < C, H' is a k-
uniform chain hypergraph. Moreover, since u,w € C’, uw is an edge in G(H').

The statement of the proposition follows from repeated application of the above proce-
dure. OJ

By applying Proposition 4 a number of times, we obtain the following result:

Corollary 5. For every k-uniform chain hypergraph H and every induced subgraph G' of
G(H) there exists a k-uniform chain hypergraph H' such that G’ is a spanning subgraph of
G(H").

A k-uniform chain hypergraph H is maximal if for every two of consecutive edges A < B,
|ANB| = k— 1. Observe that every chain hypergraph is a subhypergraph of some maximal
chain hypergraph on the same vertex set. The following proposition gives an upper bound
on the number of edges in a k-uniform chain on n vertices:

Proposition 6 (Palvolgyi [18]). A k-uniform chain hypergraph H on n vertices has at most
k(n—k)+1 edges.
Clearly the chain hypergraph with the maximum number of edges is maximal.
Corollary 7. A skeleton graph of a k-uniform chain hypergraph on n vertices has at most
K\ K (k—1)
k(n—k)+1 _— 3
wn-+1) (3) < ®
edges.
By this corollary we immediately get the aforementioned general bound on y,(H) for
chain hypergraphs.
Theorem 8. Every k-uniform chain hypergraph H satisfies
2 (H) <R (k- 1). )

Proof. Let H be a k-uniform chain hypergraph with n vertices. We will demonstrate that
x(G(H)) satisfies the asserted inequality.

If n < k then the theorem is obviously true. Suppose the claim holds for all chain hyper-
graphs with less than n vertices. By Corollary 7, G(H) has a vertex v with degree smaller
than k?(k—1).
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Consider the graph G’ = G(H) — v. By Corollary 5, there is a k-uniform chain hypergraph
H’, such that G’ is the spanning subgraph of G(H'). By the induction hypothesis, G(H') (and
thus G’) can be colored with ¢ = k*(k — 1) colors. Since the degree of v is strictly smaller
than k% (k — 1), we can always extend this coloring to the coloring of G(H) without using any
additional colors. O

We are able to get much better upper bound than (4) for the cardinality of the largest
clique in the skeleton graph of a chain hypergraph.

Let H be a k-uniform chain hypergraph and let C be a clique in G(H); suppose it has m ver-
tices. By Corollary 5, there exists a k-uniform hypergraph H’ such that C is a spanning sub-
graph of G(H'). Since C is a clique, C = G(H'). Let H” denote a maximal k-uniform chain
hypergraph on vertex set V (C) with the largest number of edges, such that H’ is a subhyper-
graph of H”. Clearly G(H") =C. Let V(H") ={1,2,...,m} and E(H") = {A,As,...,As}
(both sets are ordered).

On one hand, there are ('5’) edges in C and each of them is covered by at least one edge of

H". The first edge of H” covers (]2‘) edges of C. Since H"” is maximal, there are k — 1 edges
covered by A;, which were not covered by A;_;. Thus, we obtain the following inequality:

(Zl) < (;‘) Fk(m—k)(k—1). )

From this it follows that m < 2k> — 3k + 1, so we have proved the following statement.

Theorem 9. Every k-uniform chain hypergraph H satisfies

o(G(H)) < 2k* —3k+1.

It would be nice to know how large the dissonance between x,(H) and w(G(H)) may be
for chain hypergraphs. Currently, we do not know of any example where these two numbers
differ. Hence, we dare to state the most provocative conjecture.

Conjecture 10. Every chain hypergraph H satisfies y,(H) = o(G(H)).

In the next section we present a class of chain hypergraphs supporting this conjecture.

3. SPECIAL CHAIN HYPERGRAPHS

A chain hypergraph H is called special if for every pair of edges A, B such that A < B the
last element in A \ B is smaller than the first element in B\ A. This type of chain hypergraphs
was introduced in [17] in connection to the decomposable coverings problem.
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Recall that a graph G is perfect if every induced subgraph F of G satisfies x(F) = o(F).
We will prove that skeletons of special chain hypergraphs are perfect.

Let H be a k-uniform special chain hypergraph on the vertex set V = {1,2,...,n}, with
no isolated vertices. Define a relation < on the set V in the following way:

a<b <= a < bandnoedge in H contains both vertices @ and b.

Observe that < is a strict partial order. Irreflexivity and asymmetry are obvious. For the
transitivity, consider a,b,c € V such that @ < b and b < c. It is clear that a < ¢. Suppose
there is an edge A in H, such that a,c € A. Since a < b, we know that b ¢ A. Let B be an
edge containing b. Clearly it does not contain a nor ¢. Assume that A < B (the other case is
symmetric). Thus, we obtain that:

max(A\B) > c¢>b>min(B\A)

which contradicts the speciality of H.

By < we denote the union of the relations < and =. Recall that the incomparability graph
of a partially ordered set P is a graph on P in which every pair of incomparable elements is
joined by an edge (and no other edges are present). It is not hard to verify the following
proposition:

Proposition 11. For every special chain hypergraph H on the vertex set V, the skeleton

graph G(H) is the incomparability graph of the partially ordered set (V,<).

It is well-known that incomparability graphs are perfect (see [10] or [4]). Hence, we get
the aforementioned statement.

Corollary 12. The skeleton graph of every special chain hypergraph is perfect. In particular,
every special chain hypergraph H satisfies x-(H) = o(G(H)).

We now give an upper bound on the rainbow chromatic number of special chain hyper-
graphs.
Theorem 13. Every k-uniform special chain hypergraph H satisfies
x-(H) <2k—1.

Moreover, this bound is in general best possible.

Proof. For a hypergraph H with the vertex set V and V' C V, by H[V'| we denote the hyper-
graph with vertex set V/ and edge set {ANV': A € E(H)}. Clearly o(G(H')) < o(G(H))
for any H and H' = H[V'].

We will prove by induction that the maximum clique in a skeleton of special chain hyper-
graph whose edges have at most k elements has at most 2k — 1 vertices.

For k =1 the claim is trivial. Now assume k > 1 and the claim holds for all hypergraphs
with edges of cardinality smaller than k. Let H be a k-uniform special chain hypergraph with
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o(G(H)) of the largest possible value, say @(G(H)) =, and let V' be the vertex set of the
maximum clique in G(H). By H' we denote H[V']. Let x and y denote the the first and the
last vertex in V', respectively.

Since H’ is special, every edge of H' should contain x or y (this follows from properties
of special chain hypergraphs). Let V' = V'\ {x,y} and H” = H'[V"]. Every edge in H" has
at most k — 1 elements, so by inductive hypothesis we know that @(G(H")) < 2(k—1) — 1.
Thust = o(G(H')) <2(k—1)—1+2=2k— 1.

For the lower bound, consider the following hypergraph H. The vertex set of H is V =
{vi,va,...,var—1}. The edge set is:

2k—1

U {vivas v tovi YU {1,k - vaer 1
i—k

It is not hard to verify that it is special and its skeleton is a clique. O

Concerning the weak chromatic number of special chain hypergraphs, it is known that
they satisfy Conjecture 1.

Theorem 14 (Pach and Palvolgyi [17]). Every special chain hypergraph H, with edges of
size at least 3, satisfies y(H) = 2.

This result has been generalized in [16] as follows:

Theorem 15 (Keszegh and Pélvolgyi [16]). Every (2t — 1)-uniform special chain hypergraph
is t-colorable so that every edge contains at least one point of each color.

This result is related to the classic theorem of Erdds and Lovasz that will be discussed in
the next section.

4. SHIFT HYPERGRAPHS

Another type of chain hypergraphs was introduced in a seminal paper by Erdds and
Lovasz [13], where the famous local lemma was invented. A hypergraph H is called a shift
hypergraph if every edge is a translated copy of a fixed finite subset A of the integers. More
formally, H is a shift hypergraph if there exists a set of integers A = {ay,az,...,a} such that
all edges od H are of the form ¢ + A, where

t+A={t+a,t+a,... .t +a}.

We will prove that there exist k-uniform shift hypergraphs whose rainbow chromatic num-
ber is of order at least Q(k?). Recall that a set C of vertices in a k-uniform hypergraph H
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is a weak clique if for each two vertices in C there is an edge in H containing both of these
vertices. Clearly, the set C is a clique in the skeleton graph G(H).

A t-complete sparse ruler R(m,k,t) of length m with k marks is a sequence of integers
ai,as,...,a; called marks, where 0 = a; < ap < ... < ap = m, such that for every ¢, 0 < ¢ <1,
there are marks a; and a; such that a; —a; = £. If t = m, then a t-complete sparse ruler is
called complete sparse ruler R(m,k).

There is a close relationship between weak cliques in shift hypergraphs and complete
sparse rulers that is captured by the following statement:

Proposition 16. There exists a k-uniform shift hypergraph with a (t + 1)-element weak clique
whose vertices are consecutive integers if and only if there exists a t-complete sparse ruler
R(m,k,t) for some m.

Proof. (<) Let A be the ruler R(m,k,t) and let H be the k-uniform shift chain {s+A: s=
0,1,...,m+1t}. We claim that the set C = {m,m+1,...,m+1t} is a weak clique in H.
Consider a,b € C,a < b, and letd = b —a. As d < t, there are two elements g;,a; in A such
that a; — a; = d. Clearly, the set (a — a;) + A contains both a and b.

(=)LetH={s+A: s=0,1,...,r} be a k-uniform shift chain with a (¢ + 1)-element
weak clique C whose vertices are consecutive integers. We claim that A is a r-complete
sparse ruler R(m,k,t), where m is the largest element in A. Let 0 < ¢ < 7. There are two
elements a,b in C such that b —a = ¢. As some edge s+ A contains both a and b, there are
ai,LIJ'EA suchthatajfaizﬁ. |

By this proposition we get the aforementioned lower bound for the rainbow chromatic
number of shift hypergraphs.

Theorem 17. For every k there is a k-uniform shift hypergraph H satisfying

k2
x-(H) > 3 —2k+4.

Proof. Wichmann [20] constructed for every m a complete sparse ruler R(m,k) with
k < [v/3m] + 3. Thus, Proposition 16 implies the existence of k-uniform shifts hypergraphs

with weak cliques of cardinality at least % — 2k + 4 for every k. U

The first coloring problem stated for shift hypergraphs was the following, innocently look-
ing question asked by Strauss (see [13]): For a given ¢, does there exist a finite k such that for
any set S of k integers, there is a 7-coloring of the integers such that every integer translate of
S (i.e. every set of the form £+ S, where £ is an integer) meets every color class?

Let f(¢) denote the least such k. In [13] it was proved that f(¢) is actually finite. It was
the first use of the celebrated local lemma. More specifically, it was shown there that

ft) < (B+o(l))tInt.
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Then in [1] the following lower bound was derived:
f(t) = (1 —o0(1))tIns.
Currently best upper bound obtained in [15] meets asymptotically this lower bound:

ft) < (1+o(1))tInz.

A similarly defined function may be studied for more general chain hypergraphs. For
instance, Theorem 15 asserts that f(7) < 2¢ — 1 in the case of the special chain hypergraphs.
It would be nice to know what happens in the general case.

S. ARITHMETIC CHAIN HYPERGRAPHS

A chain hypergraph H is arithmetic if each edge of H is an arithmetic progression. A spe-
cial case is obtained by allowing only homogeneous arithmetic progressions, that is, sets of
the form {a,2aq, ... ka} with a € N. We will call them homogeneous arithmetic chains.

The following innocently looking question was asked by Graham [14]: Is it true that

among any n distinct positive integers ay,az, ... ,a, there is always a pair a;,a; satisfying
@
o >n?
ng(Cli, aj)

The question was answered in the affirmative for sufficiently large n by Szegedy [19] and in-
dependently by Zaharescu [21]. Then Balasubramanian and Soundararajan [3] gave a com-
plete solution by using deep methods of analytic number theory.

It is not hard to see that Graham’s question is equivalent to the following: Is it true that
the clique number of the skeleton of any k-uniform homogeneous arithmetic chain is equal
to k? The result of [3] gives a positive answer to this question.

Theorem 18 (Balasubramanian and Soundararajan [3]). Every k-uniform homogeneous arith-
metic chain H satisfies ®(G(H)) = k.

Additionally, it was proved in [3] that the maximum biclique in the skeleton graph G(H)
is the complete bipartite graph K x. Perhaps to solve Conjecture 2 one will need to recognize
the structure of skeletons G(H) more deeply. Unfortunately, for k = 3 these graphs are not
perfect. A number of results in that direction was proved in [6]. For instance, the following
result showing that Conjecture 2 is asymptotically true:

Theorem 19. Every k-uniform homogeneous arithmetic chain H satisfies

xr(H) = (1+o0(1))k.
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We conclude this section with the following generalization of Conjecture 2:

Conjecture 20. For every t = 2.3,... .k, every k-uniform homogeneous arithmetic chain
hypergraph is t-colorable so that each edge meets every color.

Actually, the statement is equivalent to Conjecture 2, as the case t = k implies all smaller
cases (by any partition of the set of k colors into ¢ non-empty parts). Thus, proving it for
each particular value of 7 gives a step towards the full conjecture.

It is not hard to prove the conjecture for + = 2. Actually, in this case one may prove
a much stronger statement corresponding to equitable partition of the set of k colors. Let us
call a 2-coloring of a hypergraph H perfectly balanced if every edge has the same number of
vertices in each color (or almost the same when k& is odd).

Theorem 21 (Bosek and Grytczuk [7]). Every k-uniform homogeneous arithmetic chain has
a perfectly balanced 2-coloring.

Proof (sketch). A basic idea of the proof is simple. Let k& be a fixed positive integer. Let
f be a completely multiplicative function assigning to every positive integer one of the two
values {—1,+1}. This means that f(ab) = f(a)f(b) for any pair a,b € N. Notice that
such a function is completely determined by specifying values f(p) for all prime numbers
p- Notice also that it must be f(1) = +1.

Suppose now, that we have a completely multiplicative function f that satisfies

f(l)E{O,—l,-i—l} (6)

-

1

Then, for every a € N we have

f(l)€{07_17+1} (7)

-

k k
Z{f(ai) = ;f(a)f(i) = f(a)

1

This means that the coloring f is perfectly balanced on every edge {a,2a,...,ka}. Hence,
to prove the assertion of the theorem it suffices to construct, for every k, a completely multi-
plicative function f satisfying condition (6). This can be done as follows:

We start with a completely multiplicative function g specified by taking g(p) = £1 in
accordance to whether a prime p is congruent to +1 or —1 modulo 3, with g(3) = +1. It
can be proved that Z{»‘zl g(i) is exactly equal to the number of 1’s in the ternary expansion of
k (see [5]). In particular, this sum is never negative and bounded from above by logy k4 1.
So, to get a function f with a desired property it suffices to change the sign +1 into —1
of at most logs k+ 1 primes of the form 37 + 1 lying in the interval [k/2,k]. This operation
will not affect multiplicativity of g. The fact that there exists a sufficient number of primes
of that form in this interval follows from the celebrated Dirichlet’s Theorem on primes in
arithmetic progressions (see [2]). This gives the result for a sufficiently large k. Complete
proof demands more delicate tricks together with some computational experiments (see [7]).

O



32 Bartlomiej Bosek et al.

A perfectly balanced coloring may be defined for more than two colors in the same way.
In view of the above result, we state the following strengthening of the last conjecture (still
equivalent to Conjecture 2):

Conjecture 22. Foreveryt =2,3,...,k, every k-uniform homogeneous arithmetic chain has
a perfectly balanced t-coloring.

It is not hard to prove the statement for k = p — 1, where p is a prime number (see [6],

[9D.

Proposition 23. Let p be a prime number. Then every (p — 1)-uniform homogeneous arith-
metic chain has a perfectly balanced t-coloring, for everyt € {2,3,...,p—1}.

Proof. As noticed above, it is enough to prove the statement for r = p — 1. Let H be a fixed
chain hypergraph whose edges are homogeneous arithmetic progressions of length p — 1.

We define a desired coloring of H as follows: write a natural number n as n = p*m, where
m is not divisible by p. Let r(m) be the residue of m modulo p. We assign r(m) as a color of
the number n. Since residue zero is excluded, there are p — 1 different colors.

It is not hard to see that no two elements of the same edge in H may have the same color.
Indeed, let an and bn be any two distinct elements of the progression {n,2n,...,(p — 1)n}.
Since a and b are not divisible by p, we have an = p*ma and bn = p*mb. Consequently, the
color of an is r(ma) and the color of bn is r(mb). If these two colors are equal, then, by
multiplication properties of residues modulo p, also r(a) = r(b), which means that a = b.
Hence, an = bn and the proof is complete. O

6. THE LAST CHALLENGE

We conclude the paper with a challenging problem inspired by the recent breakthrough
result concerning the queue number of planar graphs.

Let G be a graph whose vertices are linearly ordered. The queue number of G is the least
number of colors needed to color the edges of G so that each color class forms a (2-uniform)
chain hypergraph (with respect to the common linear order of vertices). A long-standing
open question was whether the queue number of planar graphs was finite. It was recently
solved in the affirmative in [12] by proving a deep structural result for more general minor-
closed classes of graphs.

A natural generalization of this statement could be formulated by using chain hypergraphs
and some natural hypergraph extension of planar graphs. Let us call a hypergraph H planar
if there is a realization of H by a pseudo-disk arrangement in the sense that the vertices are
embedded as points and the edges as pseudo-disks such that a point is contained in a pseudo-
disk if and only if the respective vertex is in the respective edge (see [8]).



Coloring chain hypergraphs 33

A definition of the analogue of the queue number, which could be called the chain number
of a hypergraph, is analogous: it is the least number of colors needed to color the edges of
an ordered k-uniform hypergraph so that each color class forms a chain hypergraph.

Conjecture 24. For every k > 2, the chain number of planar k-uniform hypergraphs is
bounded.
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1. THEORY OF INELASTIC DEFORMATIONS - SHORT
INTRODUCTION

The theory of inelastic deformations is a part of continuum mechanics. In this theory sys-
tems of equations are considered, which model viscoplastic deformations of solids at small
strains in the quasistatic or in the dynamic setting of the problem. In this article we will study
the quasistatic case only. Such systems consist of linear partial differential equations cou-
pled with nonlinear differential inclusions (or ordinary differential equations) for the vector
of internal variables. The partial differential equations result from general mechanical laws.
The differential inclusions are experimental, and depend on the kind of considered material.
Therefore, in engineering sciences there are many inelastic constitutive equations, always
specially adapted to the material under consideration. The first part of the system in the
quasistatic setting of the problem in all models represents the balance of forces acting on the
material

div, T (x,t) = —F (x,1) (x,1) € Q% (0,T). (1)
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Here T, > 0 is a fixed length of a time interval, Q C R3 is a bounded domain with a smooth
boundary dQ, u: Q x (0,7,) — R3 denotes the displacement field, 7 : Q x (0,T,) — S* =
Rfyxnf is the Cauchy stress tensor, and F : Q x (0,7,) — R> describes the external forces
acting on the body. The other parts of the system consist of constitutive relations

T (x,t) = Fo<s<s (Vu(x, s)) , 2)

where the right-hand side denotes a functional depending on the history of the displacement
gradient. The theory, which we are going to present, assumes that the functional Fo<g<;
consists of the elastic constitutive equation

T(x,1) = D(e(x,t) - 8p(x,t)) , 3)

where € = €(u) = §(Vu+ VT u) is the symmetrized displacement gradient, €7 : Qx (0, T,) —
S3 describes the plastic part of the deformation and D : S* — S3 is the elasticity tensor,
which is assumed to be constant with respect to x € Q and 7 € (0,7,), symmetric and posi-
tive definite. This equation is coupled with the inelastic constitutive relation formulated in
general as a differential inclusion

a(ng) e f(s(x,t)g(x,t)), @)

where 7 : Q x (0,T,) — R" is the vector of internal variables. z consists of £” and other
components Z which are introduced to describe the deformation process more appropriately.
f:D(f) € S xRV — P(RV) is the constitutive multifunction and causes the system of
equations (1)+(3)+(4) to become nonlinear. Thermodynamical considerations yield that there
exists a free energy function y : D(f) € 83 x RN — R such that for all (¢,z) € D(f)

T = W (hyperelasticity) )
aplgi(zg,Z).wz* < 0 forall w'e f(ez2). ©

The existence of the free energy function y implies that the considered problem with F =0
and with homogeneous boundary conditions possesses a natural semi-invariant, namely the
total energy does not increase in time

)L [ pwles)dr<Ew.2)(0) @

Using the properties of the elasticity tensor D (5) implies that the free energy function has to
be of the form
py(e.x) =3D(e—e") (e~ ") +y(2), @®)

where the function y; depends on the vector z only. There is no precise relationship between
free energy functions and constitutive multifunctions such that the reduced dissipation in-
equality (6) would hold. We restrict our considerations to a subclass of problems, for which
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(6) will be satisfied automatically. We say that the considered problem is of pre-monotone
type if the constitutive multifunction is of the form

flez) = g( —PVZW(&Z)) ©)
with a multifunction g : D(g) C RN — P(RY) satisfying
VzeD(g), VZeglz) 5z>0 (10)
and with the free energy function y given as a positive semi-definite quadratic form
py(e,z) = 3D(e —Bz)- (e~ Bz) + 3Lz 2. (11)
Here L € Ré\;fn’v , L >0 and Bz = B(¢g”,3) er is the orthogonal projection of the vector z
on the direction £”. Moreover, we assume that the symmetric operator L + B! DB is posi-
tive definite. This class of models was introduced by H.-D. Alber in [1, Definition 3.1.1].
Assuming that 0 € g(0) we can say that (10) gives the monotonicity of g at the point 0. If
additionally the inelastic constitutive multifunction is monotone then we say that the con-
sidered model is of monotone type. For such flow rules we can find in the literature many
articles, (see for example [1, 2, 3,4, 5,6, 7, 8,9, 10, 11, 12, 13]) which prove existence and
uniqueness results in dynamical and quasistatic setting of the problem.
Some special subclass of models is very important in the theory of inelastic deformations. If
the operator L is positive definite then the energy controls the whole vector z and therefore

the strain tensor is also controlled by the energy in this case. Such models are called coercive
in the literature and in this article we are going to work in this subclass of models only.

2. MELAN-PRAGER MODEL AND MAIN THEOREM

In this section we are going to present the Melan—Prager flow rule. The vector z of internal
variables consists of two components from S3. The first one is the inelastic strain tensor £”
and the second one is the so called backstress b. The flow rule is given by the following
system of a differential inclusion coupled with a differential equation

g € 9l(T—b), (12)
by = ag. (13)

Here, K denotes the set of admissible stresses, which is assumed to be of the following form
K ={T € 8*: |PT| < Ck}, where Cx is a positive constant depending on the material under
consideration. P : §3 — PS? is the projector on the deviatoric part of symmetric matrices:
PS=S-— %trS-I‘ The function I : S> — R_. is the indicator function of the set K, which

means that
0 forT ek,

IK(T)_{ o forT ¢ K. (14)
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Moreover, the positive constant & depends on the considered material. This means that in
this flow rule we have two positive material constants Cx and ¢. The first constant describes
how large is the elastic domain of the considered material and the second constant describes
the hardening of the material. If o goes to zero then the considered material becomes pure
elasto-plastic (this result in the dynamical case is proved in [6]).

The free energy associated with the Melan—Prager flow rule has the form

py(ee’,b) = 3D(e—e)-(e— )+ 5 [b]. (15)

Then it is easy to see that the operator L is given by Lz = L(e?,b) = (0,a~'b) and is semi-
positive definite. Moreover, the operator (L+ B DB)z = (DeP,a~'b) and is positive defi-
nite. It is also very easy to verify that the flow rule of Melan—Prager is thermodynamically
admissible (satisfies the dissipation inequality (6)) and is of monotone type.

The whole system of equations describing a quasistatic deformation process with the flow of
Melan—Prager is in the form:

diviT(x,1) = —F(xi),
T(ot) = Dle(nn) e (ur),

(u(x) = 5 (Vaulwr) + Viu(e1)). (16)
& (xr) € Alg(T () —blx)),
biler) = oef(50),

where the displacement vector u, the inelastic strain tensor €” and the backstress b are the
unknowns. We consider system (16) with boundary conditions of mixed type. The Dirichlet
boundary condition on I'; C dQ

u(x,t) =gp(x,t) forxel'; andt >0 17)
and the Neumann boundary condition on I'; C dQ
T(x,1)-n(x) = gn(x,7) forx €T, andz >0, (18)

where n(x) is the exterior unit normal vector to the boundary dQ at the point x, I’y and I',
are open in dQ, disjoint, smooth sets satisfying dQ = I'; UT and H,(T';) > 0, where H»
denotes the 2-dimensional Hausdorff measure. The functions gp, gy are given and describe
boundary data. Finally, the initial conditions for the inelastic strain tensor and the backstress
are given by

eP(x,0) = &"x), (19)
b(x,0) = b(x) (20)

with given initial data e”0 : Q — PS3 and b° : Q — PS>,

The operator L in the Melan—Prager model does not control all directions of the vector z and
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the considered model is not coercive. However, using the very simple form of the equation
(13) from the flow rule, we can integrate this equation in time and obtain

b(x,1) = oe? (x,1) + b (x) — e (x). (21)

For simplicity we assume that 5 = ae”. This assumption is not important and it is easy to
see that all results obtained in this article are also true without this technical simplification.
Inserting (21) into (12) we obtain the following new form of the Melan—Prager flow rule

el (x,1) € Il (T (x,t) — aeP (x,1)). (22)
The free energy function associated with this new flow rule is now in the form
py(e,e”) = 3D(e—e’)- (e —e”)+ §[e"|*. (23)

We see that the vector of internal variables is now reduced to the inelastic strain tensor only.
The free energy controls the direction €. Moreover, the operator L in this new setting
is defined by Le” = oceP and is positive definite. Consequently, the considered model of
Melan—Prager in this new setting is coercive. Hence, the system of equations, which we are
going to study is in the form

div, T (x,t)
T(x,t) = D(e(u(x,r))—eP(x,1)), 24)

—F(x,t),

(v € BI;C(T(x,t)—asp(x,z)).

This system will be considered with boundary conditions (17,18) and with initial condition
(19) reduced to the inelastic strain only. Let us define the notion of a strong solution to
system (24).

Definition 1. Functions (u,eP) are called a strong solution to system (24) with boundary
conditions (17,18) and with initial condition (19) if

ueC(0,T,),H (:R?), wu eL=((0,T,),H (RY),
e’ e C([0,T,],L*(Q:S%), & eL=((0,T.),L*(:S?))

)

the system (24) is satisfied pointwise for almost all (x,t) € Q x [0,T], boundary conditions
(17,18) are satisfied in the sense of traces and initial condition (19) is satisfied in classical
sense.

The initial function £ generates initial values for the stress and the displacement. Let
us denote by T° and by u the unique solution of the linear problem

div,7%(x) = —F(x,0),
() = D(e((x)~€"()). 25)

@), = gp(x,0), T°(x) n(x)r, =gn(x,0).



60 Krzysztof Chetmiriski

We will say that the initial function €7 is admissible if 7°(x) — ae?%(x) € K for almost
all x € Q. This means that the initial value for the argument of the nonlinear operator I
belongs to the domain of this operator.

Lemma 2. [f the boundary data and the external forces have the following regularity: for
allT, >0

F e W2=((0,T,); L}(Q:R?)),

gp € W3=((0,T,);H2 (T; RY)), gy € W2=((0,T,); H™ 2 (Ty; R?)), (26)

and the initial inelastic strain tensor eP° € 1.2(Q; PS?) is admissible then system (24) with
boundary conditions (17,18) and with initial condition (19) possesses a global in time,
unique strong solution.

Proof. This lemma follows directly from [2], where a similar result is proved for all coercive
models. O

Now we are ready to present the problem, which we are going to study in this article.
In the engineering practice quasistatic models from the theory of inelastic deformations are
used in the numerical analysis of observed real deformation processes. In the Malan—Prager
model two material constants appear, which are determined experimentally only. For this
reason it is important to study continuous dependence of solutions with respect to material
constants. This kind of continuity is called material stability in the literature. Let us assume
that we have two convergent positive sequences o — ¢ and Cf( — Ck and the limits are also
positive. Let us consider strong solutions (u/, 7' to the system

div, T!(x,1) = —F(x,1),
Tlxt) = D(e(d(x1) — el (x,1)), 27)
) e ale(Tl(x,t)—al&‘p‘l(x,t)).

where K! = {T € 83 : |PT| < C%}. This system is considered with boundary conditions
(17,18) and with initial condition (19). We are going to prove that the sequence of strong
solutions converges to the strong solution of (24).

Theorem 3. Let us assume that the boundary data, the external forces and the initial data
have the regularity from Lemma 2. Moreover, assume that the initial data is admissible for
every l. Then the sequence of strong solutions (ul ,el! ) to problem (27) with boundary condi-
tions (17,18) and with initial condition (19) converges in the topology C([0, T,]; H' (Q;R3) x
L2(Q;8%)) to the strong solution of (24).
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3. UNIFORM ENERGY ESTIMATES

In this section we will prove uniform estimates for the sequence of strong solutions to
(27). We begin with an easy observation that the initial displacement vector and the initial
stress defined by (26) do not depend on /. This follows from the fact that the boundary data,
the initial data and the external forces in initial-boundary problem (27) do not depend on /.

Theorem 4. Let us assume that the boundary data, the external forces and the initial data
satisfy all requirements from Theorem 3. Moreover, assume that (u',eP") is the strong solu-
tion to problem (27) with boundary conditions (17,18) and with initial condition (19). Then
there exists a positive constant C = C(T,), which does not depend on | such that for all
t € (0,T,) the following inequality holds

l
el 3 [ Dle!)—er!)- (etu) —eryax+ 5 [ leriPav<e(m). @s)
2 Ja

Proof. This theorem can be concluded from the general energy estimate in [9]. However, this
result is very crucial in the proof of the main theorem and therefore we present the whole
proof in this article. Let us calculate the time derivative of the energy £ (u!, eP!)(t).

d

dté’ ul ") (1 /D (u))— gy (s(ul)—sp‘l)dx—i—al/8,p7l~ep’ldx
Q

:/e )T dxf/d”l-(Tlfalsp’l)dxg/Vuf-Tldx (29)
Q Q Q
:/udex+/ gDT’ndS—i-/ ujgnds.

Q I I,

Integrating inequality (29) on (0,7) we have

£l ,eP)(r) < €'(u',e)(0)

13 13 t
+//udexdr+//gDT’nder+// ulgydSdt.  (30)
0.JQ 0 JI; 0 JI

Let us denote the three integrals on the right hand side of (30) by K; for i = 1,2,3. From the
observation that the initial displacement does not depend on / we see that the initial energy
E'(u!,€P1)(0) is constant. Next we will estimate the integrals K; for i = 1,2,3. The energy
function does not depend on the time derivative of the displacement vector. Therefore we
write K in another form integrating by parts with respect to ¢.

t t
/ /uﬁFdxdT:f/ /ulF,dxdTJr/ulexf/qu(O)dx. 31)
JO JQ JO JQ JQ JQ

We see that the last integral on the right hand side of (31) is equal to a constant and we have
to estimate the remaining integrals.

-I-’/ u'F dx
Q

t
uldedT
Q

<(1 "‘n)(5(1)11;[”“1HH}(Q)(HF}HH}(Q) +Fllz@)]- (32
it
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Using the Poincare inequality we have

'l 2@y < D)2 + gl (33)

where the constant D depends on the set Q only. From the elastic constitutive relation we
also have that

le@)llz @) < 1D T p20) + €7l ) < Ly/ €'l ), 34)

where the positive constant L does not depend on /. In the last estimation we have used
the fact that the sequence ¢ is bounded from below and from above by positive constants.
Inserting (34) into (33) and the resulting inequality into (32) we conclude that for n > 0 there
exists C(1,T,) > 0 such that

1
’//ulFtdxdT
0 JQ

<né&'(u, e’

+C(n,T.) (S(?I;(HE||£2(Q) + ||F|‘i2(g) + HgDH]%p/z(rl) +1). (35)
it

Next we are going to will estimate K.

'
/ gpT'ndSdt
0 Jr,

< sup ||8D.t||H1/2(rl) sup ||T1”HH—I/2(F]) . (36)
(0,1) (0,1)

According to the trace theorem in the space I.2(div) (this space contains all vector fields
from IL?(Q) which weak divergence belongs also to .2(Q)) we have

HTI”||H*I/2(1"1) < ||T1”HH71/2(39)
< M(||divT |2 ) + 1T Iz (@) < MUIF li2i@) + /€ &), (BT)

where the constants M, M do not depend on [. Inserting (37) into (36) we obtain that for
every positive k there exists a positive constant C(«, T,) such that

1
/ / epT'ndSdt
0Jr,

Finally, we have to estimate integral K3. First we shift the time derivative from the displace-
ment vector onto the data.

"t t .
//ungder:—// ulgN,tdeT—i—/ u’gNdS—/ Wen(0)dS.  (39)
0 JIy 0 JIy I I

The last integral on the right hand side of (39) is constant and we only need to estimate the
other two.

t
‘// ulgn,tdSdt
0 Jr,

< Kagl(”l7€p’l) +C(k,Te) (5(';11;(||F||i2(§2) + ||8D,t||]?411/2(1“1))~ (38)
i

+\ / ulgNds] < Tesupl oy il sy el ey )
2 \t
(40)
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Using the trace theorem in the space H' (Q) and the Poincare inequality we get
H“lHHl/Z(aQ) < E”“lH]HI'(Q) < E(||8(Ml)||L2(Q) + llgnllm2(ry)) (41)

where the constants E, E do not depend on /. Using (34) we can conclude that for positive
constant U there exists a positive constant C(u, 7g) such that

t
‘// ulgndSdr
0 JIn

< /,LaEl(ul,ep‘l)

+ O 800l sy + ey e liery +):
it
(42)

Adding estimates (35),(38) and (42) side to side and choosing constants 1, k, (t so that
N+ k+ 1 < 1 we end the proof. OJ

4. UNIFORM ENERGY ESTIMATES FOR TIME
DERIVATIVES

In the previous section we proved that the sequence {u'} is bounded in the space
C(]0,T,],H' (Q;R?)) and the sequence {€”!} is bounded in the space C([0, 7.],L?(Q;S?)).
The next step is to obtain uniform estimates for the time derivatives of the strong solutions
to system (27).

Theorem 5. Let us assume that the boundary data, the external forces and the initial data
satisfy all requirements from Theorem 3. Moreover, assume that (ul, Sp*l) is the strong solu-
tion to problem (27) with boundary conditions (17,18) and with initial condition (19). Then
there exists a positive constant C = C(T,) which does not depend on | and such that for all
t € (0,T,) the energy evaluated on the time derivatives can be estimated as follows

£l ) df‘/@ e(ul) — e () — ") ax+ L /| Rax<&(T). @3

Proof. Let us denote by (&(u)y,, 8;:’1) the shifted functions (&(u')(x,t +h),eP! (x,t + h)) for
h € (0,T,). Let us define by v/ the velocity vector u!. For simplicity we will write £/ = £(u!).
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Calculating the time derivative of the function &’ (efl — & 6;1: I _gpd ) we obtain

%51(3}1—817% — el /D e(vh) — )—sht—i—s”’[)-(e,i— ! s,‘;l—i—sl’*’)dx
+a /(Eht+8pl)~(85’lf£”’l)dx
—/(e Wy — () - (1! - T') dx
/Q (8h, +eh) (1) - olel! + T — ol er!) dx (44)
/(Vvh V(T —T!) dx
= J0h == Pyt [ (g —g) (T} ~T'mas

+/1_ (vl =) (gnn —gn)dS.,
2

where g}, denotes the time derivative digp and Fj, , vy, g, , &~ denote the shifted functions

F g . gn respectively. Next we integrate (44) on (0,1), shift all difference operators onto
the given data, divide by 4% and go to the limit as 4 — 0. Thus, we obtain the inequality

t
£ 0) < €ul e )(0)+ [ Filliaiay IV iz a7

+B(Te)((s(';113 8D sullgzr/2 ) + (5511; gatllg2 ey +1) fup I nlg-1200)  (45)
0 b

St

~1/2(Iy) + 1) (Séltp HVIHH]/Z(()Q)

+B(T€)((S(l)‘lr; ||gN,2‘t||H—l/2(r2)

+sup || L2 oy 1V 120 + B e)
(0.1)

where the positive constant B(7,) does not depend on /. From the admissibility of the ini-
tial data we conclude that the sequence of norms {||&”* (0)|| 12(q)} is bounded (the sequence
{||T) — aeP? [L2(q) } is bounded and the operator dlj is maximal monotone). Hence, the se-
quence {&'(ul,€f l)(O)} is finite and constant. =~ We estimate the boundary norm
| 7! 1|l 2(09) using (37). From the Poincare inequality and from the coerciveness of the
flow rule we estimate the sequence {V'} in the space I.?(Q) in the way similar to the method
used in (33) and in (34). Finally, we estimate the boundary norm ||V [z /2(aq) as in (41).
Hence, inserting all these estimates into (45) and using the method from the proof of Theo-
rem 4 we end the proof. O
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S. STRONG CONVERGENCE OF STRESSES AND STRAINS

The boundedness of the sequence of strong solutions to system (27) obtained in Theo-
rem 4 implies the existence of a weakly convergent subsequence. In this section we are
going to prove that the whole sequence converges strongly.

Theorem 6. Assume that the boundary data, the external forces and the initial data satisfy
all requirements from Theorem 3. Moreover, assume that (u',eP"!) is the strong solution to

problem (27) with boundary conditions (17,18) and with initial condition (19). Then T' — T ,
and P! — &P in the space C(]0,T,],1L*(Q;S?)).

Proof. This result is crucial in the proof of the main theorem. Let us calculate the time
derivative of the limit energy function

(u, ") = /D W) — ") (e (u)—e”)dx-i—g/ e? |2 dx
2 2 Ja

evaluated on the differences (u/ — u, eP! — eP*).

%gw(ul —utehl—elt) = /QD(%I —ef— el el (¢ — & —en! + Py dx
-HZ/ (e — Pty (eP! — eP¥)dx (46)
—/ (ul) — (b)) - (Tl—Tk)dx—/Q(gtpl e’ (T' = T* — ae?! + aeP™) dx
—/ Vut Vul ( Tk)dx_/g(gzp’l—g,p’k)-(T[—Tk—alsp’l+akep’k)dx
+(a—ocl)/g(£,‘” —st’”k)-e”*’dx—i—(ock—oz)/g(e,”l ety erk dx
A bh+L+1.

It is easy to see that I} = 0 because system (27) is considered under the assumption that
boundary data and external forces do not depend on /. Moreover, we also see that

¥ * ,
B+l < Ja! —a|(sup (e |L2iq) + &7 @) 1E” L2 ()

Te

N K
+ok - al((zup)[(\lezp 2y + &7 2
Te

)llE )] (47)
(Jo — o] + e — e )2(C(T,) + C(TL))
where the positive constants C(7,),C(T,) are from Theorem 4 and Theorem 5 respectively.

Let us denote by IT, the orthogonal projector of S3 onto the cylinder K, = {T € S3 : |PT| <
r}. We will use this projector in the estimate of /,. Let us assume that Ck > Ck.
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Then
- / (e —eP*y (T! = T* — aleP! + a*eP¥) dx
Q
_ _/ P (T T — alePd 4 akerhydx
Q
+ / gt (HC;((T’ —ole!) —T* 4 kel k) dx (48)
Q
+ [ et (1! oler! —Tg (' - aler)) d
Ja K
& ~
<|Ck—Cklllel 2 T - alep’lH[LZ(g) < D|Cy — C[(C(T) +C(T.))

where the positive constant D does not depend on / and k. The case C& > Ck can be con-
sidered on the same way and if C}( = C}‘( then I, < 0. Inserting (47) and (48) into (46) and
using the fact that system (27) is considered with initial data independent of / and k£ we end
the proof. L

6. PROOF OF THE MAIN THEOREM

From Theorem 6 we have that u’ — u in the space C([0,7,],H!(Q;R3)). To end the proof
of Theorem 3 it remains to prove that (u, €”) is the strong solution to system (24).

Proof. The boundedness of the time derivatives of the sequence (u/, €') implies that u! S
in the space L=((0,7,), H!(Q:R3)) and that €7’ = &’ in the space L=((0,T,),L2(Q;S?)).
Consequently, the functions (u, €”) have the regularity required by Definition 1. It is easy to
see that the limit stress 7 satisfies the balance of forces div,7 = —F and the linear elastic
constitutive relation is also satisfied by T, €(u) and €”. Moreover, since the boundary data
and the initial data do not depend on / we immediately obtain that the limit functions satisfy
(17,18) and (19). To end the proof we have to show that the limit functions satisfy the Melan—
Prager flow rule. For all / we have that [P(T! — a’eP!)| < Ck. From Theorem 6 sequences
of stresses and inelastic strains converge strongly in the space C([0,7,],1.2(€;S?)). Then
possibly switching to a subsequence we have also the pointwise convergence for almost all
(x,1) € Q% [0,T.]. Hence, we conclude that |P(T — ate?)| < Cg. Let us assume that a test
stress S € K. It remains to prove that

g (S—T+oae’)<0

for almost (x,7) € Q x (0,T,). Let ¢ : @ x (0,7,) — R be a nonnegative smooth function
with compact support. Since (u!,€?!) is the strong solution to system (27) we have that

T
/ /s,P”-(S—T’+a’spv’)<pdxdrg0. (49)
0 Q

Going to the limit as [ — oo we obtain (49) for the limit functions and the proof is complete.
O
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Remark

Using the same methods as presented in this article we can prove that the solution operator
to system (24) is also continuous with respect to the external forces, the boundary data and
the initial data.
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1. INTRODUCTION

Let M be a smooth 2n-dimensional manifold, endowed with a nondegenerate, closed
2-form w. The 2-form @ is called symplectic and the pair (M, ®) is a symplectic manifold.
We introduce the canonical symplectic structure @ on 7'M using the vector bundle morphism
B:TM 3 ur— o(u,-) € T*M, namely the pullback of the Liouville symplectic form d6 de-
fined on the cotangent bundle 7*M, @ = *d6. A smooth vector field X : M — TM is said
to be Hamiltonian if the form @(X,-) is exact. A function H : M — R is called Hamilto-
nian for X if o(X,-) = —dH(-). If X is Hamiltonian, then its image X (M) C TM is a La-
grangian submanifold of (TM, @) generated by H. In local Darboux coordinates, M = R>",
w=Y"  dyiNdx;,and ® = B*d0 =Y ", (dy; Ndx; —dx; \dy;), where (q,q) = ((x,y), (%,¥))
are coordinates on TR?* = R xR?".

To generalize this notion, we introduce a concept of a Hamiltonian system as a general
Lagrangian submanifold N of the symplectic tangent bundle (TM, ®). If T |y: N — M is sin-
gular, where 7 is tangent bundle projection, we also call N an implicit Hamiltonian system
(cf. [12], [7]). Important property of such systems around singularities is their solvabil-
ity, i.e. existence of smooth local curve y: (—¢&,€) — M such that its tangent lifting ¥(7)
belongs to N around each point of N. An immediate necessary condition for solvability
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is tangential solvability condition, which is satisfied if ¢ € d(7 |v),(T,N) for each point
v=(g,4) € N. Tt is proved (cf. [7]) that, for certain naturally generic implicit Hamilto-
nian systems, they are solvable if they fulfill this tangential solvability condition. Another
generalization following P.A.M. Dirac (cf. [3]) is provided by constrained Lagrangian sub-
manifolds (cf. [11]) as Hamiltonian systems. The generalized Hamiltonian function for such
system is a generating family (Morse family) for the corresponding Lagrangian submanifold
Ly; F(x,y,A) = Z;‘: 1ai(x,y)A; + h(x,y) over the constraint K defined by smooth functions
ai(x,y) = 0. The condition of solvability {g—z,F } =0 for (x,y,A) € S x R?" defines the sec-
tion of L, which is tangent to K. The general sections of L, give the vector fields which are
Hamiltonian on the constrained submanifold.

In this work we concentrate on the vector fields of symplectic space (M, ®), which are
Hamiltonian on a subvariety of M. As we do not exclude singularities, our approach is local
and we consider mainly germs of subvarieties and germs of vector fields. We find the spaces
of vector fields, which are Hamiltonian on symplectic, isotropic and coisotropic submani-
folds of (M, ®) and we provide the classification of Hamiltonian vector fields on singular
varieties: planar curves of type Ay, Dy, Eg, E7,Eg, regular union of three 1-dimensional sub-
manifolds, regular union of two 2-dimensional isotropic submanifolds, and regular union
of two 2-dimensional symplectic submanifolds. We use the Mathematica package Exterior
Differential Calculus for calculations.

2. HAMILTONIAN SYSTEMS ON SUBMANIFOLDS

Let K be a submanifold of R* and / : K — R be a smooth function on K. The notion
of generalized Hamiltonian system (generalized Hamiltonian dynamics) was introduced by
P.AM. Dirac in [3]. A generalized Hamiltonian system is the following sub-bundle L; of
TR?" over K (cf. [13]):

Ly={ve TR : o(v,u) = —dh(u) Yyerx}. (1)

It is easy to see that L, is a Lagrangian submanifold of (TR>", @).

In local coordinates, the generalized Hamiltonian system (1) can be written, using gener-
ating family F : R?" x R¥ — R, in the following way:

k
F(x,y,A) =Y as(x,y)A+H(x,y), )
(=1

where K is defined as a zero-level set of the mapping a : (x,y) — (ai(x,y),...,ac(x,y)),
H (x,y) is an arbitrary smooth extension of the function z: K — R and a is a maximal rank
map-germ.
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The generalized Hamiltonian system L is given by an immersion ¢ : Cr — L C (TR*", @)
defined by

oF oF
¢(X7y7k) = (x7y7aiy(xayvl)v_g(xvyvl)% (xvyvz) S CF-

Since g—fp(x,y,l) = ay(x,y), we have Cr = K x R¥. Then L can be described as

JF JdF
L= ¢(CF) = {(xayaTy(xayal)afg(xayal)) € TRZ” : ()C,y,ﬂ,) €K x Rk}

L is a skew-conormal bundle to K and its smooth sections are called Hamiltonian sys-
tems on K with Hamiltonian H. This may be extended to Hamiltonian system on M taking
Hamiltonian function

F(x>y): )*l(xvy)al(xay)+H(x7y)

=

—
Il

1
for some smooth functions A;(x,y).

Vector fields, which are Hamiltonian on K are given in the form:

" 9 da;, 9. &IH, _a oH 9
Z’le(x’y)(fyi(x’y)aixi_Tm(x’y)(?iw)jL;(aiw(x’y)aixi_Tm(x’y)ﬂ)' 3)

If we consider the functions A;(x,y) which are smooth solutions of the system of linear
equations (cf. [8]),

k
Y {ai,a;}(x ) = {H,a;}(x,y), i=1,...k 4)
Jj=1

then the vector fields (3) are the logarithmic Hamiltonian vector fields over K.

3. HAMILTONIAN VECTOR FIELDS ON SINGULAR
VARIETIES

Let (M, ®) be a symplectic manifold. Let N be a subset of M.

Definition 1. A smooth vector field X on M is called Hamiltonian on N if there exists
a smooth function H on M such that

(X |o)|x = —dH |y, for every x € N. Q)
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Example 2. Let (R*", ax) be the standard symplectic space. Let N C (R*", ay) be the germ
of a hypersurface with isolated singularity at 0. Assume that the ideal of smooth function-
germs vanishing on N is generated by a smooth function-germ g on R*". Let H be a smooth
function-germ on R*" and let Xy be a Hamiltonian vector field-germ on (R**, ax) with
a Hamiltonian H i.e. Xy|® = —dH. Let Y be a smooth vector field-germ on R*". Then
the vector field-germ gY + Xy is Hamiltonian on N.

A smooth k-form 8 on M vanishes on N if 3|, = O for every x € N.

Definition 3. A smooth k-form o on M has zero algebraic restriction to N if there exist
a smooth k-form B on M vanishing on N and a smooth (k — 1)-form y on M vanishing on N
such that

o=p+dy. (6)

Let AK(N,M) denote the space of smooth k-forms with zero algebraic restriction to N.
Since d(AK(N,M)) C ASTH(N, M), the complex (A$(N,M),d) is a subcomplex of the de
Rham complex on M. We denote by H*(N,M) the cohomology groups of the complex
(A5(N. M) d).

Proposition 4. A smooth vector field X on M is Hamiltonian on N if and only if there exists
a smooth function H on M such that X |® + dH has zero algebraic restriction to N.

Proof. Definition 1 is equivalent to the following condition:

k
X|o+dH =Y fio;, (7

i=1
where o, -, 0 are smooth 1-forms on M, H, f,---, f; are smooth functions on M such
that fi|xy = -+ = fi|]ny = 0. But this implies that X | + dH has zero algebraic restriction to

N.

On the other hand, if there exists a smooth function H on M such that X | @ + dH has zero
algebraic restriction to N, then

k
X|o+dH =Y fio;+dg, (8)
i=1
where &, - - , @ are smooth 1-forms on M, H, fi,-- - , fr, g are smooth functions on M such
that fi|y = --- = fx[v = g|y = 0. But this can be written in the following way:
k
X|o+d(H-g) =Y fioy, ©)
i=1
which implies that X is Hamiltonian on N. O

The above definition and proposition are the motivation for the following definition of the
symplectic vector field on N:
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Definition 5. A smooth vector field X on M is called symplectic on N if Lx® has zero
algebraic restriction to N.

It is obvious that a vector field, which is Hamiltonian on N, is symplectic on N. The
inverse implication is not always true. The necessary and sufficient conditions are given in
the following proposition:

Proposition 6. The vector field-germ X is Hamiltonian on N if and only if X is symplectic
on N and Lx @ define the zero cohomology class in H*(N,M).

Corollary 7. If H*(N,M) = {0}, then any symplectic vector field-germ on N is Hamiltonian
on N.

Definition 8. The germ at 0 of a set N C R™ is called quasi-homogeneous if there exist
a local coordinate system x, ..., x,, and positive numbers Ay, ..., Ay such that the following
holds: if a point with coordinates x; = a; belongs to N, then for any t € [0, 1] the point with
coordinates x; = tl"ai also belongs to N.

It was proved that if N is quasi-homogeneous, then H*(N,M) = {0} for k > 0. (e.g. see
[4]). It implies the following proposition:

Proposition 9. If N is quasi-homogeneous, then any symplectic vector field-germ on N is
Hamiltonian on N.

4. GERMS OF HAMILTONIAN VECTOR FIELDS ON
SMOOTH SUBMANIFOLDS

If S is a smooth submanifold of M, then a smooth k-form « on M has zero algebraic
restriction to M if and only if the pullback of & to M vanishes. Thus, we obtain the following
result:

Corollary 10. Let S be a smooth submanifold of M. Let 1 : S — M be an embedding of S.
A smooth vector field X on M is Hamiltonian on S if and only if there exists a smooth function
H on M such that

(X |w)=d(Ho1). (10)

Thus, by the above corollary we obtain the following:
(X (x),v) = —dH(v), for every x € S, and for every v € TS. (11)

It means that if the vector field X is Hamiltonian on a smooth submanifold S of M, then X is
a section of the bundle L.
By Poincare Lemma and Corollary 10 we have

Proposition 11. Let S be a smooth submanifold of M. Let 1 : S — M be an embedding of S.
A smooth vector field X on M is Hamiltonian on S if and only if d(1*(X |®)) = 0.
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4.1. SYMPLECTIC SUBMANIFOLDS

Let S be the germ of a symplectic submanifold of dimension 2k of the symplectic man-
ifold (R*",@ = Y ,dx; Ady;). Then, by the Darboux-Givental Theorem (see [1]), S is
symplectomorphic to

So={(x,y) eR¥|x;=y;=0fori=k+1,--- ,n}.

If (£,5) = (x1,-, X, y1,--,yx) and 1 : § 3 (£,7) > (£,0,7,0) € R?", then a smooth vector
field-germ

! d d
X :lzzlfl('xvy)aixl +gl(xay)aiyl

at 0 on R?" is Hamiltonian on Sy if d(1*(X | @) =0
It implies that d(YX_, fi(%,0,,0)dy; — gi(%,0,7,0)dx;) = 0. Thus, the vector field-germ

k d
; a +gl(xoy7 ))ayl

on Sy is Hamiltonian on a symplectic manifold (Sop,1*@ = ZLI dx; Ady;). Let us notice that
X z(ry) = T(X(xy)). where 7 : R 5 (x,y) — (£,§) € So. Since wo1 = Ids,, we obtain the
following proposition:

Proposition 12. A smooth vector field-germ X on (RZ”, ) is Hamiltonian on the symplectic
submanifold-germ Sy, if the vector field-germ m.(X o) on Sy is Hamiltonian on the symplec-
tic manifold (Sp,1* ).

4.2. COISOTROPIC SUBMANIFOLDS

Let C be the germ of a coisotropic submanifold of codimension k of the symplectic man-
ifold (R*, @ = Y, dx; Ady;). Then, by the Darboux-Givental Theorem (see [1]), C is
symplectomorphic to

Co={(x,y) eR*"x;=0fori=1,--- ,k}.

If £ = (Xgy1,--,xn) and 1: Co 2 (%,y) — (0,%,y) € R?", then a smooth vector field-germ
u 0 )
X =Y filny) g +ailoy) g
i=1 dyi

at 0 on R?" is Hamiltonian on Cj if d(1*(X |®) = 0. It implies that the 1-form-germ

k

U(X]w) =Y £i(0,5y)dyi— Y. £i(0,%y)dx;
i=1

i=k+n
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on Cy is exact. Hence, there exists a smooth function-germ on Cy such that g;(0,%,y) =
—g—)ﬁ(f,y) fori=k+1,---,nand f;(0,%y) = g—yhi(i,y) fori=1,---,n. Thus, we obtain the
following proposition:

Proposition 13. A smooth vector field-germ

d
X = Zﬁ(x y) +gt(x M3
Yi
n (R?, @ = YL dxi Ady;) is Hamiltonian on the coisotropic submanifold-germ
Co={(x,y) eR*| x;=0fori=1,--- k},

if there exists a smooth function germ h on Cy such that g;(0,%,y) = —%(i,y) for
i=k+1,---,nand f;(0,%,y) = ah(xy)forl—l

4.3. ISOTROPIC SUBMANIFOLDS

Let I be the germ of an isotropic submanifold of dimension k of the symplectic manifold
(RZ”, ® =Y, dx; Ndy;). Then, by the Darboux-Givental Theorem (see [1]), I is symplec-
tomorphic to

I={(x,y) € R2”|y =0,x;=0fori=k+1,---,n}.

If £ = (x1,---,x) and 1 : [y > ¥+ (%,0) € R?", then a smooth vector field-germ
d d
X= th(x y +gt( )a i
Vi

at 0 on R?" is Hamiltonian on Iy if d(1*(X | @) = 0. It implies that the 1-form-germ
k
U(X]o) ==Y gi(%,0)dx;
i=1

on [y is exact. Hence, there exists a smooth function-germ on Iy such that g;(%,0) = gi’ (%)
fori=1,--- k. Thus, we obtain the following proposition:

Proposition 14. A smooth vector field-germ
d
X = Zﬁ(x y) +gz(x y)a

n (R, @ =Y" | dx; \dy;) is Hamiltonian on the isotropic submanifold
I={(x,y) € R2”|y =0,x;=0fori=k+1,---,n},

if there exists a smooth function-germ h on Iy such that g;(%,0) = g—;’(i) fori=1,--- k.
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In particular by Proposition 11 we obtain
Corollary 15. If C is a regular curve (1-dimensional smooth submanifold), then any smooth

vector field-germ on R*" is Hamiltonian.

Proof. Any smooth 1-form on C is closed. U

5. GERMS OF HAMILTONIAN VECTOR FIELDS ON
SINGULAR CURVES

In this section we describe germs of Hamiltonian vector fields on singular curves at a sin-
gular point. By Corollary 15 any smooth vector field-germ is Hamiltonian on a regular curve.

PLANAR CURVES OF TYPES Ay, D, E¢, E7, Es

A planar curve in the symplectic space (R*", ®) is a curve which is embedded in a smooth
2-dimensional submanifold S of (R*", ®). Let 1 : S < R>" be an embedding of S.

We assume that the germ of the curve is locally diffeomorphic to N = {x € R?*|G(x1,x;) =
x>3 = 0}, where G has the following properties:

1. G(0,0) =0, dG(0,0) =0,

2. the ideal of smooth function-germs on R? vanishing on {(x1,x2) € R?|G(x1,x;) = 0}
is generated by G.

3. G is quasi-homogeneous polynomial.

Then, we can take locally § = {x € R?"[x>3 = 0} and 1(x3,---,x2,) = (0,0,x3,--- ,X2,).
A smooth vector field-germ on (R*", ®) is Hamiltonian on N if and only if d(1*(X |®)) =
d(G(x1,x2)e) for some smooth 1-form-germ o on R,

By Theorem 4.11 in [5] any curve-germ in the symplectic space (R2”7 wy =Y odpi A
dg;), n > 2, which is diffeomorphic to the curve-germ at 0 {x € R¥"|G(x1,x2) = x>3 = 0} for
smooth function-germs G in Tab. 1 is symplectomorphic to one and only one of the following
curve-germs:

. P2
N'={(p,q) € R*"|G(p1,p2) = a1 —/0 Fi(p1,t)dt = =2 = p>3 = 0} C (R*, ax), (12)

fori=0,---,u, where smooth function-germs F; are presented in Tab. 1.
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Table 1
Classification of the algebraic restrictions to A;, Dy, Eg,E7, Eg
G(xl,xg) E(xl,x2), iiO,l,..../ﬂ
A X -3 Fy=1
k>1 F=x,i=1,. k-1
Fp =

Dy :x%xz 7/\”2(71 Fy =

k>4 Fi=bxi+xb, i=1,....k—4
Fpo3 = (£1)kx +bx4 73,
Fo=x2 F_1=xX2 F=0

E(,:x?—xg FO:I,FI:ixz—i-bxl,FZ:xl—Fbx%,
F; :x%+bx1x2, Fy = £x1x2, Fs :xlx%, Fe=0

E7:x?—x1x% F()Zl,F1:X2+bX1,F2::tX1+bX%7
F; :x% +bx1xp, Fy = £x1x2 —|—bx;,
Fs=x3, Fo=x3, ;=0

Eg:x?—xg F()::I:I,F]:xz—i-bxl,F2:x1+b1x%+b2x%
= :I:x% +bxixp, Fy = j:X|xz+bx%,
Fs =x%+bx1x%, Fg =x1x%, F; = j:xlx%, Fs=0

Let 1 : R? — R?" be the following map-germ: 1(p1,p2) = (p1., J{> Fi(p1,t)dt, p,0).
A smooth vector field-germ

x=Y filpr,qi,- - ,pn,qn)i+gi(p1,q1,~-- ,pn,qn)i

i=1 ap, aq,

on (R?", @y = Y, dpiN\dg;) is Hamiltonian on N’ if a smooth 2-form-germ at 0 on R?
P2
o =r(p1,p2)dpi Ndp>=d ((fl ° l)d(/0 Fi(p1,t)dt) — (g101)dp1 — (g2 Ol)dpz)

has zero algebraic restriction to {(p1, p2) € R?|G(p1,p2) = 0}.

By the direct calculation we obtain that
r(prop2) = (5 = 82 (pr, 7 Filpa,1)dr, p2,0) (13)
+Fi(p1.p2) (3—,{11 3%}) (1, Jo” Ei(p1,t)dt, p2,0)
— I 3 (prn)de (G4 52) (1, J§ Fip1,1)dt, p2,0).

If G is quasi-homogeneous, then a smooth 2-form r(py, p2)dp; Adp; has zero algebraic

restriction to g(phpz) € R?|G(p1,p2) = 0} if and only if r belongs to the ideal < VG >
G

generated by £ (p1,p2). 57(;(1717172) (see [5]).

Thus, we obtain the following proposition:
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Proposition 16. A smooth vector field-germ

i 8+ ( )8
= fi(p:q) g/l’qaqj

is Hamiltonian on
) P2
N'={(p,q) e R*|G(p1,p2) = qi —/O Fi(p1,t)dt = g=2 = p>3 =0} C (R™, ),

where G and F; are presented in Tab. 1, if and only if the function-germ r given by (13)
belongs to the ideal < VG >.

5.1. PLANAR CURVES OF TYPES AL

By Proposition 16 we obtain the following:

Proposition 17. Letus fixk e Nand i =0,1,--- k. A smooth vector field-germ

z”: 8+ ( )8
= fi(p.q) gquaq]

n (R¥, ax = Y'i_1dpjNdq;) is Hamiltonian on

A ={(p.q) eR™P —pi=q1—pipr=qs2=p>3=0} (i=0,1,--- k1)

oron
At =1{(p,q) eR"|P{™" = p3 = g=1 = p>3 =0}
if and only if the following conditions are satisfied:

o/t aj+1
i &l Jrglz( )forj:()a"'vifla
apldpy  p]
8-/+‘g1 (0) = aj+1g2( - ! Q=i g 9i—itlg, ) T
amiaps ) apr TG \ap O g,V ) S T R
P19p2 P J Py P 99
Proof. Foraplanar curve oftypeA’ (k>1,i=0,--- k), we have that G(py, p2) = p]“—p%

and Fi(p1,p2) = p} fori=0,--- k—1 and Fk(pl,pz) 0 (see Tab. 1).

For A{ singularity we have

_ (981 _98  9fi I
r(plaPZ) - (9172 - apl +ap] +8L]1 (P17P27P270)~
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For Af{ singularity i = 1,--- ,k — 1 the function-germ r has the following form:
9 d ]
r(p1op2) = (5= 22) (pr,pip2,12.0) (14)

+7 (Tﬁ‘l + Tﬁi) (p1,P1P2,2,0)

i1 (9fi 9 ‘
—ipy ' (aTj:clerTgf) (P1:P1P2,p2.0):

For A singularity we get Fi(p1,p2) = 0 and

0 0
r(p1,p2) = (ai; - algfl) (p1,0,p2,0).

Since < VG >=< p’f7p2 >, it is easy to see that O,/ < VG >= R{l,pl,m ,p’f’l}. The
function-germ r belongs to < VG > if and only if %(0,0) =0for j=0,1,--- ,k—1. By
P

a direct calculation we get that for j =0,---,i—1
Ir 0= 2 g e
-(0,0) = — —(0),
Ip| Ip1op: ap"

and for j=i,--- ,k—1

9/ 9i+1 9J+1 % 9J—it1 9i—i+l
OO oo O S O T | G O+ e ).
Ipy Ip19p2 Ip T\ dpy dpy gy
O
5.2. PLANAR CURVES OF TYPES D{v(
For a planar curve of type D;'< (k>4,i=0,--- k) we have that G(py, p2) = p%pz —péfl.
Then it is easy to see that < VG >=< pp, p? — (k— l)p"é’2 > and
02/ < VG >2R{17p27'” 7[)5_271)1 } .
For DY singularity we get Fy(p1,p2) = 1 and
Jdg1 dg  dfi  dg
= (28282 21, 981 0).
r(plaPZ) (apz apl + ap] + 31]1 (P17P27P27 )
For D singularity i = 1,--- .,k — 4 we get F;(p1, p>) = bp1 + p}, and
_ (981 _ 9g b P! 0 15
r(p1,p2) = (G — 3 ) (P1,bP1IP2+ 7, P2,0) (15)

iy (2f 9 '
+(bp1+p3) (371 + W) (P1,bP1p2+ 71, 12,0)

P} P} i+1
—bp> (ijﬂz Tif) (p1,bp1p2+ %1, p2,0).
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For D=3 singularity we have Fy_3(p1,p2) = (£1)fpi +bph = and
= (9 98 () (£1)k b 2,0 16
r(p]7p2) dpr — Ip (p]v( ) pip2+ =2 P2 ) (16)

J 3
H(ED P +5057) (38438 (o1, (1) pipa + b5, p2,0)

9 a B
—(£1)*p2 (ag * aﬁf) (1, (ED*p1p2 +b7ff2,pz,0)-
=2 - . k-3
For D)™~ singularity we get Fy_»(p1,p2) = p; ° and

(a1 9 ps’ afi  9a ps’
r(pl>p2)_<aipziaipl (Plamvp270)+P2 a +aq1 (plak 2717270)

For Di_l singularity we get Fy_»(p1,p2) = p§_2 and

_(dg1 Idg P! afi | Iz p5!
r(p1>P2)_<apz_apl (plak 1P270)+P2 87—'_87% (Plamvl’270)~

For Df singularity we get Fi(p1, p2) = 0 and

0 b
r(p1,p2) = ((i; - ﬁ) (11,0,p2,0).

The function-germ r belongs to < VG >=< ppa, pt — (k— l)p];’2 > if and only if

dlr ar
Z0,0)= 220,00 =0 for j=0,1,--- k-3 17
300 = 55,00/ =0 for a7
and ) o
o0°r 2 0" r
270,00=—=—2 "0,0). (18)
8p%( ) (k—l)!apléfz( )

For general k conditions (17)-(18) are rather complicated in terms of partial derivatives of
coefficient functions fi, g1, g2 at 0. Therefore, we will present them only for D), singularities
fori=0,1,---,4.

Let X =Y, fi(p. q)ap +g;i(p, q) - be the smooth vector field-germ on (R, @y =
):;?:1 dpjNdgj). By adirect calculation Proposmon 16 implies the following:

The vector field-germ X is Hamiltonian on

DY ={(p.q) ER™|pip>—p3 = q1 — p2 = g=2 = p>3 = 0}

if and only if the following conditions are satisfied:
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J+l1 J+1 j+1 j+1
J & _ 978 ) 98 )4 2 fl‘(O) for j =0, 1,
dp} dp|op: dp|dq api
02 02 02 02
821 (0) 81 g21 0)+ S
ap; dq19p> dq; ap1dps

P 0 9*fi 0)— 9*g2
dp19p> Ip1dq, dp1dq,

3 3 3 3
( 9°g1 0) + 9°g1 0+3f1(0)73g2(0))

apidps Ipioq ap; ap3
g 3 3 g fi g
=—=(0)+ 0)+3 0)+ 0)+ 0)— 0
31 O+ 35057 O+ 355 O+ Z RO+ 575 50) - 50
3 3 3
LN L, P 0 3f1207 3g22
dp19q19pa dp19q19p2 Ip19q; dp1dq;

The vector field-germ X is Hamiltonian on
1 ), 2 3 P
Dy ={(p.q) ER¥|pip2—p3=q1 = p1p2— b3 =22 = p>3 =0}
if and only if the following conditions are satisfied:

dgi g2
281 0)=22(0
Ipa aPl( )

g1 afi d%g 9%g
222(0) + =22 (0) + 0 0
dq1 ) ap1 91719192( )= ap? z(0)=

dfi d%g g (95’1 dfi ) d%g
90y ZE o 0)+b 0+ 2 0)) - 0) =0,
31)2() 8p§() 9q1() 5 (0) 8191() 8p18p2()

6( 2%g1 0 +92f1(0)>+3< g (0)_33&’32(0))

Ip19dq ap} apidps Ipy

g g (32]’1 9%g )
= 0)— 0)—2 0)+ 0

o0 O " oot ¥ 2\ G Ot 34105, ©

9%g *fi dg >
+b(3 0)+2 0) — =22dq(0) |.
( Ip19p: aPlam( api a1(0)
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The vector field-germ X is Hamiltonian on

2
p
DI ={(p,q) ER¥|pipr—p3 =q1 — 2 =g>2 = p>3 =0}

2
if and only if the following conditions are satisfied:
ditlg it
&1 52(0) for j=0,1,
aplopy ~ p]

928 dgi dfi
8L (0)+ 28 (0) + 2L
9p%( ) dqi ) api

g g >
3 0) — 0)) =
(31719172( ) 8p?( )

82g2
0) — 0)=0,
(0) aplapz()

3 92 92 Pk 3 92
831 0)+ =281 (0 +2( 8y 4 2o O)— 8 82
ap; dq19p2 dq19p2 ap19p:
The vector field-germ X is Hamiltonian on
3 2ny 2 3 P
Dy ={(p,q) €R7|pip2—p2 = q1 = 5 = q>2=p>3 =0}

if and only if the following conditions are satisfied:

1 i
9T 81 gy~ 2 flz(O)forj:O,l,
aplopy  ap]

d%g 0) — 9%g, (0)
ap3 apidpy

g ) ) %g (3 dfi ) g
3 0) — 0)) = Z2L0)+2 0) + 0)) —
(r?p 9pz( ) 817?( ) «917%( ) EP 8p1( ) dp1dp3

The vector field-germ X is Hamiltonian on
D} ={(p.q) €R”|pip2—p3 = q=1 = p>3 =0}

if and only if the following conditions are satisfied:

aj+lg1 8j+1g2
oplopy apl'!

(0) for j=0.1,

Ip1dp . Ip1oq

(0).
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g, I
apy " dpidpy
g ) > g g
0) — 0)) = 0) — 0).
(ap%apz( =0t ) = 0 O 500

In the same way by Proposition 16 one can obtain the necessary and sufficient conditions
for the vector field-germ X to be Hamiltonian on planar curves with E,’( singularities for
k=6,7,8 and i =0,1,--- ,k (see Tab. 1). Please notice that for E}c singularity there are k
independent conditions, therefore we do not present them.

6. GERMS OF HAMILTONIAN VECTOR FIELDS ON
REGULAR UNION SINGULARITIES.

A regular union singularity N at 0 in R?" is the union

N=N;U---UNy, s >2 (19)
of germs at 0 of smooth submanifolds Ny,---,N; of R2" (in what follows - strata) such that
the dimension of the space

W =ToNy +-- -+ ToN; (20)

is equal to the sum of the dimensions of the strata, i.e. the sum (20) is direct. If the number
of strata and their dimensions are fixed, then all such N are diffeomorphic. By Theorem 7.1
in [5] the germ of a closed 2-form ¢ has zero algebraic restriction to N if and only if its
pullback to each of the strata N; (i = 1,--- ,s) vanishes and the restriction of the germ o to
the space W vanishes. It implies the following:

Proposition 18. A smooth vector field-germ X in the symplectic space (R*", ®) is Hamilto-
nian on a regular union singularity N if and only if the pullback of the germ d(X | @) to each
of the strata N; (i =1,--- ,s) vanishes and the restriction of the germ d(X | @) to the space W
vanishes.

6.1. REGULAR UNION OF THREE 1-DIMENSIONAL
SUBMANIFOLDS

Let us consider a regular union singularity of three germs at 0 of 1-dimensional submani-
folds N = Nj UN> UN3 of the symplectic space (R?", @ = YL dpiNdg;). These symplectic
singularities are classified in [5].
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Proposition 19 (Theorem 7.4 in [5]). Any regular union singularity N with three
1-dimensional strata in the symplectic space (]Rz”7 ), n >3 (resp. n=2) is symplectomor-
phic to one and only one of the varieties N°,N*, N2, N> (resp. N°,N*,N2) given in Tab. 2. It
holds if and only if the pair (@,N) satisfies the condition in the last column of the table.

Table 2
Classification of symplectic regular union singularities with three
1-dimensional strata. W denotes the 3-space spanned by the tangent
lines at O to the strata

Symplectic normal forms

Geometric condition

N° | g2 =pi+pa.

|y #0,

P191 = q1p2 = p2g2 =0, kerolw ¢ ToN; + ToN;,

p>3=¢q>3=0 forany i,j € {1,2,3};
N' [ ¢ =p1, oly #0,

Pig1 = q1p2 = p2p1 =0, kero|w C ToN; + ToN;,

P>3 =(g>3 = 0 kel‘(l)|w 75 TQM,T()NJ'

for some i,j € {1,2,3};

N> | pigi=qip>=p2p1 =0, p>3= | 0|y #0,
g>2 = 0 kerw|W = ToN;
for some i € {1,2,3}
N* | pip2=pap3=p3p1 =0, p>4= | oy =0.

g>1=0

Since the strata are 1-dimensional, by Proposition 18, a smooth vector-field germ X is
Hamiltonian on N if and only if d(X |®)|w = 0. Hence for singularities N* for i =0, 1,---,3
we obtain the following conditions:

LetX =YY", filp,q )9p +gi(p,q )a be a smooth vector field-germ on R,

The vector field-germ X is Hamiltonian on N° if and only if

dfi dfi df g
+ 0)— +==(0

EPS (0) 8p2( 3611() ()

dfr dgi dfi dfs

22 0y 4 28 )+ L1 0) =0,

aql()+8q1() 8p1()+8q1()
dgi 928> df dgi df g
I81 0y - 282y — 22 0) 4+ 2810y 4 22 0) = 0.
Iq2 ) g Ipa ) 31)2( ) api- " dpr )=

The vector field-germ X is Hamiltonian on N' if and only if

2%

Jg
—°2(0) =
I (0)

afl afz agl afl
2 5—(0)+ (0) 99, O+ 5,0 =

Iq2
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dgi g I g
8L 0y — 2820y — 92 (0) - 282 ¢y = 0.
Ipa g2 Ipa 9171( )

The vector field-germ X is Hamiltonian on N2 if and only if

dfi dg dgi dfi g1 282
2T 0y + 282 (0) = 28 (0) + 2/L(0) = 281 (0) — 282 (0) = 0
ap> ) dq ) a611( ) api ) Ip2 9171( )

The vector field-germ X is Hamiltonian on N3 if and only if

dg2 dg3 g1 g g1 g3
—2(0)— =—=2(0)= =—=—(0) — =—==2(0) = =—=—=(0)— =—==(0)=0.
8193( ) 9192( ) 3172( ) ap ) Ip3 3171( )

6.2. REGULAR UNION OF TWO 2-DIMENSIONAL ISOTROPIC
SUBMANIFOLDS

Now we consider the regular union singularity of two 2-dimensional isotropic submanifold-
germs of the symplectic space. The following classification proposition was proved in [5]:

Proposition 20. Any regular union singularity N of two 2-dimensional isotropic submanifold-
germs in a symplectic space (R*", @ = Y dpiNdg;) is symplectomorphic to one and only
one of the varieties N°,N',N* in Tab. 3. The orbit of N' has codimension i in the class of
all regular union singularities with two 2-dimensional isotropic strata. The normal form N’
holds if and only if the pair (»,N) satisfies the condition given in the last column of Tab. 3.

Table 3

Classification of symplectic regular union singularities of two 2-dimensional
isotropic submanifold-germs. W denotes the 4-space spanned by the tangent
planes at O to the strata

Symplectic normal forms Geometric condition | codim
NO {p?;: qj;;():}g} rank ©|y =4 0
= = 0}U
N'(n>3 {p>3 =21 k oly =2 1
(n=3 {p>1=q2=q>4=0} rank oly
= =0}u
N (n>4 {p=3=¢>1 ol =0 4
(n=9) {p1=p2=p>5s=g>1=0} v

By Proposition 18 a smooth vector field-germ X is Hamiltonian on N if and only if X is
Hamiltonian on both of isotropic submanifold-germs Ny, N> and d(X |o)|w = 0.

i

LetX=Y", f,'(p,q)% +gi(p, q)% be a smooth vector field-germ on R?". By Proposi-
tions 18 and 14 we obtain the following conditions:
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The vector field-germ X is Hamiltonian on N* = N? UNS if and only if there exist a smooth
function-germs i on N¥ = {p>3 = ¢g>1 = 0} and k on NY = {g>3 = p>; = 0} such that

gi(p1,02,0) = $%(p1, p2) and £,(0,q1,42,0) = 5% (q1,») fori = 1,2, and

g df2 dfi g2 dg dfi dg df2
7820y + 2120y = L1 (0) + 282 (0) = 281 (0) + 221 (0) = 281 (0) + 22 (0) = 0.
Iq2 ) op2 ) )2 ) a611( ) dqi ) apl( ) dq> 3191( )

The vector field-germ X is Hamiltonian on N' = N| UN} if and only if there exist a smooth
function-germs 2 on N} = {p>3=¢>1 =0} and k on N} = {p>1 = g2 = g>4 = 0} such that

gi(p1,p2,0) = g (p1,p2) fori=1,2and £;(0,41,0,43,0) = 5 (41,43) for j = 1,3, and

dg 9f3 fi dg» dgi fi dg 9f3
2820y + Z5.0) = 221 0) + 222 (0) = 221 (0) + 22 (0) = 221 (0) + 22 (0) = 0.
dqs ) Ip2 ) sz( ) a611( ) Iq ) Ipi ) 3%( ) 3171( )

The vector field-germ X is Hamiltonian on N* = Nj UN; if and only if there exist a smooth
function-germs 2 on N = {p>3 =¢>1 =0} and k on N3 = {p; = p» = p>5 = g>1 =0} such
that gi(p1, p2,0) = §7(p1, p2) fori = 1,2 and g;(0, p3, p4,0) = £ (p3, pa) for j = 3,4, and

dg Jgs g d84 g1 Jg3 dgi dg4
282 (0) — 283 (0) = 282 (0) 4 284 () = 281 () — 283 (0) = 281 (0) — 2840
ap3 ) ap> ) dp4 ) 3172( ) 3173( ) 3171( ) 31)4( ) 3171(

6.3. REGULAR UNION OF TWO 2-DIMENSIONAL SYMPLECTIC
SUBMANIFOLDS

In this subsection we consider Hamiltonian vector field-germs on regular union singular-
ities with two 2-dimensional symplectic strata in a symplectic space (]Rz”, ). Recall that
two germs of submanifolds Ni, N of a symplectic space (R?", @) are called w-orthogonal
if w(v,u) = 0 for any vectors v € TyN;,u € ToN,. The symplectic classification of such N
involves the following invariant:

Definition 21 (see Definition 7.6 in [5]). The index of non-orthogonality between 2-dimen-
sional symplectic submanifolds Ny and N> of a symplectic space (R*", ®) is the number

(@A) (vi,va,ui,u2)

o =0(N,Ny)=1—
( b 2) 2~(1)(V1,V2)~60(M1,M2)

where vy,v; is a basis of TyNy and uy,u; is a basis of TyN;.

It is easy to see that the index of non-orthogonality & (Ny,N,) is well-defined, i.e. it does
not depend on the choice of the bases of TyN; and TyN,. It is equal to O if and only if there
exists a non-zero vector u € TyN; such that @(v,u) = 0 for any v € TyN,. It is equal to 1 if
and only if the 4-form A @ has zero restriction to the space W = TyN| + ToN>.
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Theorem 22 (Theorem 7.9 in [5]). Let @ =Y. dp; Adg;. Let N = Ny UN, be the regular
union singularity with two 2-dimensional symplectic strata in the symplectic space (]R2”7 ).

If N1 and N3 are not w-orthogonal, then N is symplectomorphic to the variety
N%= {q1=p2,p1 = p>3 =q>3 =0} U{p2 = aq1,p>3 = g>2 = 0},

where o is the index of non-orthogonality between Ni and N;.

If N\ and N, are w-orthogonal, then N has is symplectomorphic to
Nt = {p>2=g>=0}U{p1 = q1 = p>3 = g>3 = 0}.

If n > 3, then any of the normal forms is realizable and if n = 2, then any of the normal
forms is realizable except the normal form N'.

Theorem 22 was generalized in [6] to regular union singularities of two germs of symplec-
tic or quasi-symplectic k-dimensional submanifolds of the symplectic space. For simplicity
we present the case k = 2 only.

By Proposition 18 a smooth vector field-germ X is Hamiltonian on N = N; UN; if and only
if X is Hamiltonian on both of symplectic submanifold-germs N, N> and d(X |@)|w = 0.

LetX=Y", fi(p, q)a%_ +gi(p.q) a%_ be a smooth vector field-germ on R>". By Proposi-
tions 18 and direct calculations we obtain the following proposition:

Proposition 23. The vector field-germ X is Hamiltonian on

N*={q1=pr,p1=p>3=q>3=0}U{pr = 00q1,p>3 = q>> =0}

if and only if
(_§£+ %+§TJZ 32) l{g1=p2.p1=ps3=gs3=0} = 0,
(a;i; % 32‘“32) l{pr=agr,ps3=g22=0} = 0;
% o)+§—f2 ):% 0)+§—f1f( ):% )+§—£‘1 ):%(0)+%(0):07
% 0)—%(0):% 0)—% 0) =0.

Let us denote the stata of N by
Ni={p>2=¢>0=0}, Ny ={p1=q1 = p>3 =g>3 = 0}.

In the same way we get the following result:
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Proposition 24. The vector field-germ X is Hamiltonian on N*- = N ll UN2L if and only if

<%+§TJD g = @1
<%+%) g =0, 22)
3—;‘2 0)+§—Z 0 :3—2 0)+%(0):%(0)+%(0) :%(0)4-%(0):0,
o= L0 =50~ 20 -0

The conditions (21)-(22) mean that the vector field-germ f;| . % + 8il v % on the sym-

plectic manifold-germ (N;", @[, 1) is Hamiltonian (in the classical sense) for i = 1,2 (see
Proposition 12).

(1]
[2]

[3]
[4]

(5]
(6]
(71
(8]
[9]
[10]
[11]
[12]
[13]

[14]

References

V. I. Arnold, A. B. Givental Symplectic geometry, in Dynamical systems, IV, 1-138, Encyclopedia of
Matematical Sciences, vol. 4, Springer, Berlin, 2001.

V. I Arnold, S. M. Gusein-Zade, A. N. Varchenko, Singularities of Differentiable Maps, Vol. 1, Birhauser,
Boston, 1985.

P.AM. Dirac, Generalized Hamiltonian Dynamics , Canadian J. Math. 2, (1950), 129-148.

W. Domitrz, S. Janeczko, M. Zhitomirskii, Relative Poincare lemma, contractibility, quasi-homogeneity
and vector fields tangent to a singular variety, 111. J. Math. 48, No.3 (2004), 803-835.

W. Domitrz, S. Janeczko, M. Zhitomirskii, Symplectic singularities of varieties: the method of algebraic
restrictions, J. reine und angewandte Math. 618 (2008), 197-235.

W. Domitrz, S. Janeczko, M. Zhitomirskii, Generic singularities of symplectic and quasi-symplectic im-
mersions, Math. Proc. Camb. Philos. Soc. 155 (2013), no. 2, 317-329.

T. Fukuda, S. Janeczko, Singularities of implicit differential systems and their integrability, Banach
Center Publications, 65, (2004), 23-47.

T. Fukuda, S. Janeczko, Hamiltonian systems on submanifolds, Advanced Studies in Pure Mathematics
78, (2018), 221-249.

G. Ishikawa, S. Janeczko, Symplectic bifurcations of plane curves and isotropic liftings, Q. J. Math. 54,
No.1 (2003), 73-102.

G. Ishikawa, S. Janeczko, Symplectic singularities of isotropic mappings, Geometric singularity theory,
Banach Center Publications 65 (2004), 85-106.

S. Janeczko, Constrained Lagrangian submanifolds over singular constraining varieties and discrimi-
nant varieties, Ann. Inst. Henri Poincare, Phys. Theorique, 46, No. 1, (1987), 1-26.

S. Janeczko, On implicit Lagrangian differential systems., Annales Polonici Mathematici, LXXIV,
(2000), 133-141.

S. Janeczko, F. Pelletier, Singularities of implicit differential systems and Maximum Principle, Banach
Center Publications, 62, (2004), 117-132.

M. Zhitomirskii, Relative Darboux theorem for singular manifolds and local contact algebra, Can. J.
Math. 57, No.6 (2005), 1314-1340.



Irmina Herburt

Faculty of Mathematics and Information Science,
Warsaw University of Technology, Warsaw, Poland

INTRINSIC METRIC IN SPACES OF COMPACT
SUBSETS WITH THE HAUSDORFF METRIC

Manuscript received: 24 June 2020
Manuscript accepted: 3 August 2020

Abstract:  We prove that, if a metric space (X,p) can be endowed with the intrinsic metric p* (the
intrinsic distance of two points is defined as the infimum of the lengths of arcs joining these points), then
the Hausdorff metric py in the space C(X) of compact subsets of X induces the intrinsic metric (pg)*, and
the equality
(pr)" = (P")u

is satisfied. This implies that py = (pg)* if and only if p* = p and that each isometry between spaces X;
and X, with intrinsic metrics induces an isometry between C(X;) and C(X>) with intrinsic metrics.
Keywords: intrinsic metric, intrinsic isometry, hyperspace of compact sets, Hausdorff metric, arcs in hy-

perspace of compact sets
Mathematics Subject Classification (2020): 54E40, 54E35

1. INTRODUCTION

Let (X,p) be a strongly arc-wise connected metric space i.e. a space in which every two
points can be joined by an arc of finite length. Then X can be endowed with the intrinsic
metric p* in which the distance of any two points is measured as the infimum of the lengths
of arcs joining these points (see Section 2). The notion of intrinsic metric was widely inves-
tigated. Let us mention only the Blumenthal notion of geodesic ([4] p. 70) and his notion of
convexification of a metric space ([4], p. 72 Ex. 1-4); the Borsuk geometrically acceptable
(GA) metric spaces i.e. spaces with metric p* topologically equivalent to p (compare [2], [4]
p- 72 Ex. 4, [10], [11],); and the Burago length spaces ([5]). The Burago length space in-
duced by a strongly arc-wise connected metric space (X, p) coincides with the space (X,p*)
([5], Section 2.3).
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We concentrate our investigation on hyper-space C(X) of compact subsets of X endowed
with the Hausdorff metric py. The geometry of hyper-spaces of compact subsets has been
largely developed in last few decades (mostly for X = R"), see [16], [15], [14], [1], [12], [6].
However, very little is known about arcs in hyper-spaces of compact subsets. Only metric
segments in hyper-space C(R") have been intensively investigated by many authors ([13],
[17], [6], [19]). Basic proofs of the existence of arcs in C(X) for metric continuum X can be
found in [14], Ch.V, §47, VII (consult the references therein as well). Recently, some results
concerning arcs in hyper-spaces were obtained in [8].

We shall prove that, if (X,p) is geometrically acceptable, then so is (C(X),pn) and the
equality

(pu)" = (P")u ey
is satisfied i.e. the following diagram is commutative:

(va) H (C(X)apH)

k] *

(X7p*) = (C(X)v(p*)H)

There are no good methods to calculate the lengths of arcs in hyper-spaces of compact sets.
Our result allows us to omit this problem and find (pg)* by calculating lengths of arcs in the
space X.

As an immediate consequence of (1) we obtain (see Corollary 13)
p =p*inX if and only if py = (pg)* in C(X).

The analogous result for the space of bounded and closed subsets of a metric space, with the
Hausdorff metric was proved in [20].

2. PRELIMINARIES

In this section we shall remind the basic notions of intrinsic geometry and of geometry of
hyper-space of compact sets, we shall need in the sequel.

Let (X, p) be a metric space.

A subset of X isometric to a closed interval in R is a metric segment in X (by some authors:
a geodesic segment, comp. [7]). We say that (X, p) is metrically convex (by some authors:
a geodesic metric space, comp. [7]), if every pair of points x,y € X can be joined by a metric
segment in X .
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A path in X is a continuous image of a closed interval. A subset of X homeomorphic to
a closed interval in R is an arc in X. For any path L joining points x and y in X we define the
length [L|, by

k—1
ILlp :=sup{ ) p(xi,xip1) :i=1,2...k— 1},
=1

where sup is taken over all naturally ordered sequences x1,x3, ...x; of points in L, with x; = x
and x; = y. A path is rectifiable if its length is finite.

We say that (X, p) is strongly arc-wise connected if for every x,y € X there exists a rectifiable
arc joining x and y in X.

Remark 1. If (X,p1) and (X, p;) are metric spaces, (X,p1) is strongly arc-wise connected
and py > pa, then (X, p2) is strongly arc-wise connected.

In a strongly arc-wise connected metric space (X, p) the function p* : X x X — R given by
the formula
p*(x,y) :==inf{|L|p : Lisanarcin X and x,y € L}

is again a metric. It is called the intrinsic metric in (X, p) ([2], [5], [11]).

Let us note that we do not require that for any two points in X an arc with the shortest
length exists. Since p < p*, the identity map from (X, p*) to (X, p) is continuous, however
the metric p* need not be topologically equivalent to p. For instance, for a compact space
(X, p) the space (X, p*) may be non-compact (for examples see [5]). Following Borsuk, we
say that a strongly arc-wise connected space (X, p) is geometrically acceptable ((X,p) € GA)
whenever p and p* are topologically equivalent i.e. the identity map from (X,p) to (X,p*)
is a homeomorphism ([2]).

It can be easily shown that (p*)* = p* and |L|p = |L|,+ for any rectifiable arc L in X (compare
[5], Proposition 2.3.12).

For any strongly arc-wise connected space (X, p) the metric p is intrinsic if p = p*. If (X, p)
is compact, strongly arc-wise connected and p is intrinsic, then (X, p) is metrically convex
(compare [4], Theorem 28.1).

An intrinsic isometry of two GA spaces is an isometry with respect to their intrinsic met-
rics. Intrinsic isometries between GA spaces are homeomorphisms preserving lengths of arcs

3D-

We shall consider the hyper-space Cp(X) of compact subsets of X endowed with the Haus-
dorff metric pg.

For any A, Bin C,(X),

pr(A,B) := max{sup inf p(x,y),sup inf p(x,y)}.
XEAYEB xEBYEA

For every nonempty subset A C X and € > 0, let

A)eg={xeX: jtelAfp(x,a) <e}.
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The set (A) is called the e-hull of A.
It is well known that
pr(A,B) =inf{ot >0:A C (B)g and B C (A)g}.

If p; and p; are topologically equivalent metrics in X, then Cp, (X) = Cp,(X) and the induced
Hausdorff metrics (p; )y and (p2) g are topologically equivalent ([18], notes for section 1.8).
If it does not lead to a confusion, we shall write C(X) for short, instead of C, (X).

The convergence in the sense of the Hausdorff metric can be described in terms of convergent
sequences of points (compare [18], p. 69).

Theorem 2. The convergence lim;_,.A; = A in C(X) is equivalent to the following conditions
taken together:

(i) each point in A is a limit of a sequence (x;)iex with x; € A; for i € N;

(i) the limit of any convergent sequence (Xi,-) jen with x;; € Aj;

for j €N belongs to A, and the sequence (A;);eN is bounded.

Remark 3. If metrics p1, p» in X are topologically equivalent and py < po, then
(P1)u < (p2)m in C(X).

Remark 4. The space (X,p) is compact if and only if the space (C(X), py) is compact.

(compare [14], p. 47).
Aballin (X, p) with center x € X and radius r will be denoted by B, (x, 7).

3. ARCS IN C(X) APPROXIMATING DISTANCE IN (p*)y

In this section we shall give an algorithm which allows us to construct arcs with lengths
approximating (p*)m (A, B) for any A, B in C(X). As a consequence we shall obtain that, if
(X,p) is geometrically acceptable, then so is (C(X),py) and the inequality (pg)* < (p*)u
is satisfied.

Lemma 5. Let (X,p) € GA and let A and B be finite subsets of X. Then, for any € > 0, there
exists an arc L in the space (C(X),(p*)n), with ends A and B such that

ILl(pryy < (P")u(A,B) + €.
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Proof. Let A = {ay,ay,...,a,} for some n € N, and B = {by,b,,...,b;} for some k € N.
Take € > 0. For each a; in A (i € {1,2,...,n}) let d} be a point in B with the shortest
p* distance to a;. By the definition of p*, there is an arc L; with ends a; and @} such that
|L[|p < p*(ai,aﬁ) + €. Let ‘Li‘p = Q.

We repeat the same construction for points in B. For each b; € B (j € {1,2,...,k}) let b' be
a point in A with the shortest p* distance to b; and let K; be an arc with ends b b’ such that

J> Y
|Kjlp < p*(bj, b)) + €. Let [Kj|p = B;. Let l max,h,{oc,,[i 1.
By the definition of the Hausdorff metric
(P")u(A,B) = max{p"(ar.dj),p" (b),b})}-
Therefore,
A <(p")u(A,B)+e. 2

Let p; : [0, o] — L; be the natural parametrization of L; for i € {1,2,...,n} with p;(0) = a;
and p;(0;) = a;. Obviously,

p*(pi(t), pit")) < |t —1t'| fort,t" € [0, 0]
Let p; : [0,A] — L; be defined by
pi(t) = pi(%t) fort € [0,4].
Let us note that
p*(pi(r), pi(t")) < %,,,/‘ <|r—1| fort,i" €0, A]. 3)

In the same manner, we take the natural parametrization

rj+[0,Bj] — Kj, with ;(0) = b; and r;(B;) = b'; and define a reparametrization

Filt) = r,(ﬁf

Thus, fj(O) = b/j, }_’j(l) = bj and

(A—1)) forr e [0,A].

p(i(t),7i(t")) < [r —1'| for 1,1" € [0, A]. 4)
Let p: [0,A] — C(X) be defined by

p(t) = J{pi(2), 7(1)} for £ € [0,A].

ij

Denote p(r) by A;. By Theorem 2, p is a continuous embedding of [0,A] into (C(X),(p*)x)
with p(0) = A, p(A) = B. Thus, p(]0,A]) is arc-wise connected and there is an arc L in
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p([0,4]), with ends A and B. By the definition of the Hausdorff metric, in view of (3) and
(4) we get,

(P")r(Ar,AY) < rrll’é}X{P*(ﬁi(t)»ﬁi(f/)),P*(ff(t)»fi(f/))} <7

forz,t’ € [0,A].

Therefore,

Lo+ < |P([0,A][ (o), < A
By (2), we get the claim. O
Lemma 6. Let (X,p) € GA and A € C(X). Then, for any € > 0 there exists a finite set Aj in
X and an arc Lin (C(X),(p*)u) joining A with Ay, such that |L|(y+), < €.

Proof. For € >0 and i € N, let §; = % Since compact sets are limits (in the Hausdorff
metric) of finite sets, there exists a finite subset A; of A, A; € B(p+, (A, &), for any i € N. By
Lemma 3, there is an arc L; in (C(X), (p*)n) with ends A; and A1 such that

ILil(p+)y < (P )m(AiyAir1) + 6.
The sequence (A;) is convergent to A in (p*)y metric, thus there is an arc L in |Jj2 | L; joining
Ay and A such that
ILl(pr)y < Z‘T ILil (p+), < ;(P*)H(Ai,AiH)—F&‘
iz iz
(compare [9]). Since
(p")r (A Air1) < (p7)r(AiA) + (p7)H (A, Ajrr) < 26,
we obtain immediately .
IL|(p+y, <3 Z‘{ S =¢.
-
O
Theorem 7. Let (X,p) € GA and A,B € C(X). Then, for any € > 0 there exists an arc L in

(C(X), (p*)m) joining A and B, with |L|+),, < (p*)u(A,B) +&.

Proof. For & >0, let ¢’ = £. By Lemma 6, there are finite sets A and By and arcs L and L,
joining A with A} and B with By, respectively, such that |Li|(p*)u < ¢'fori=1,2. By Lemma
5, there is an arc L3 with ends A, By, such that [L3| .y, < (p*)n(A1,B1) + €. Thus there
isanarc Lin L; UL, UL joining A and B with [L|(5+),, < [Li|(p+), + L2 (), + L3l (pr), <
(p*)u(A1,B1) +3¢ < (p*)u(AB)+5¢ = (p*)n(AB) +e. O

Let us note that for any A,B € C(X) we can use Proposition 5 to construct arcs whose
lengths approximate (p*)g (A, B). It is enough to take sufficiently dense finite subsets of A
and B and follow the algorithm (see Example 5.1 Part 4).
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Corollary 8. Let (X,p) € GA. Then (C(X),pn) € GA and (pu)* < (p*)n-

Proof. Let (X,p) € GA. By Theorem 7 the space (C(X),(p*)n) is strongly arc-wise con-
nected. From p < p*, by Remark 3, we immediately get pyy < (p*)y. Hence, for any arc L
in (C(X),(p*)m), Lisanarcin (C(X),pn) and |L|p, < |L|(p+),. Therefore, (C(X),(p*)n) is
strongly arc-wise connected and (pg)* < (p*)n. Let us note that

top

pr = (P*)n = (Pn)" = pa.
Hence (C(X),pn) € GA. O

4. METRICS (py)* VERSUS (p*)y

In this section we prove that (pg)* = (p*)n.

Proposition 9. Let p : [0,A] — C(X) be a parametrization of an arc. Then | ] p(t) is
re(0,A]
compact in (X,p).

Proof. Theorem 2 makes proving easy and standard. U

Theorem 10. Let (X,p) € GA. Let A,B € C(X) and let L be a rectifiable arc in (C(X), pn),
with ends A and B. Then, for every a € A there is b € B and an arc L in X, with ends a and
b, such that

LclJLcXand|Llp < |L]|p,.

Proof. Let L be a rectifiable arc in (C(X),py) with L], = A. Let p: [0,A] — C(X) be
a natural parametrization of £, p(0) = A, p(A) = B and p(t) = A, fort € [0, A]. Take a € A.
Lett;, = % fork=0,1,...2"and i € N. For any i, we choose sets Ag,...Ax4,...,A,. Next,

2
for every i we define a set P = {xj0, ... Xik, .. X; 5 }. We start with x; o = a. If x; ; has been
defined, then we define x; ;. to be the nearest pomt tox;,inAj. k+1 with respect to p* metric

(if there are more than one nearest points, then we choose one at random). By Proposition
9, UL is compact, thus, by Remark 4, a sequence (P;) has a convergent subsequence in
(L, px). For simplicity, we assume that (P;) is convergent. Now we define a sequence (¥;)
of functions ¥ : {0,..., A% A} — P; as follows:

) 2[ 100
Ak .
y,( . ) =xjpfork=0,1,...,2".
2! ’
Let y(r) = lim;— %;(t), for t = % Since (P;) is convergent in the Hausdorff metric, by
Theorem 2, the sequence (%(¢)) is convergent in |J £. For any i and for t, = A k we have

P (¥ (t), Yi(te1)) < Pr(An,Ary) < |tk — g1 |-
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Therefore,
P (Yi(tks ), Yi(tk)) < |trgj — 1.

Thus, v is a Lipschitz function on a dense subset of interval [0, 1] and can be extended to the
whole interval. Moreover, |7([0,4])|p < A. Hence, there is an arc L in ([0, A]), with ends
7(0) and (), such that |L|, < A. O

By Corollary 8 and Theorem 10 we obtain the main result.
Corollary 11. Let (X,p) € GA. Then (C(X),pn) € GA and (p*)y = (pu)*.

Corollary 12. Let (X;,p;i) € GA fori=1,2 and let f : (X1,p1) — (X2, p2) be an intrinsic
isometry. Then the induced map f : (C(X1),(p1)u) — (C(X2),(p2)n), defined by f(A) =
f(A), for any compact subset A of X, is an intrinsic isometry.

Proof. Let f: (X1,p1) — (X2,p2) be an intrinsic isometry. Then, by the definition of in-
trinsic isometry,

J (X, (p1)7) — (X2, (p2)")
is an isometry. Thus,

FeX),((p1)")u) — (C(X2), ((P2)")u)

is an isometry. By Corollary 11 we get the claim. L
Corollary 13. (X,p) € GA. Then p = p* if and only if py = (pn)*.

Proof. Let p = p*. By Corollary 11, we obtain py = (p*)y = (pu)*.

Now, let pyr = (pm)*. By Corollary 11, for any a,b € X we obtain p(a,b) = pu({a},{b})
= (pn)*({a} . {b}) = (p*)u({a}, {b}) = p*(a,b). O

5. EXAMPLES

We start with a construction of metric segments in C(X) with py metric.

Proposition 14. Ler X be metrically convex, A,B € C(X) and let py(A,B) = a. If (A); and
(B); are compact for every t € [0,a, then M : [0, ] — C(X) defined by

M(t) = (A);N(B)g fort €[0,a]
is an isometric embedding into C(X) with py metric.

Proof. The proof is an easy adaptation of proofs in [6] (Lemma 3.6, Lemma 3.7, and Propo-
sition 3.8). O
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The next example illustrates the main result of the paper (see Corollary 11).

Example 15. Let X be the union of two equilateral triangles in R> with vertices ay,ay,o0

31 3 1
and by,by,0, where a; = (—\2[,2) a) = —\{,—2) 0=1(0,0), by = —ay, by = —aj.
Let p be the Euclidean metric in R? restricted to X. Metrics p* and p are topologically
equivalent, so compact sets in both metrics coincide i.e. Cp(X) = Cp+(X). Let A and B be

segments with ends ay, a, and by, by, respectively. It is evident that py(A,B) = /3.

Part 1. (see Figure 1).
Let us consider the space (C(X),(p*)y). It is obvious that A,B € C(X) and

(P)(AB) =1+ ?

Part 2. (see Figure 2).
We shall construct an arc in (C(X), py) joining A and B. Let

A= {(xth) eX:x Z\fl‘—\f}

and
By = {(—x1,x2) : (x1,%2) €Ar},
for every 7 € [0, 1]. Functions p: [0,1] — C(X) and p’: [0, 1] — C(X) defined by p() =
and p/(t) = B, are isometric embeddings (with respect to pg ), since
pr(ArAv) = |t —t'| = pu(B;,By)

for every t € [0,1]. Moreover, p(0) = A, p(1) = (0,0) = p'(0) and p’(1) = B. Thus,
p([0,1)) U p'([0,1]) is an arc with length equal to 2 in (C(X),pp), joining A and B ( this
implies (pH) (A,B) <2). However, as we can see below, it is not an arc with the shortest
length.

Part 3. (see Figure 3).

3
We shall construct an arc in (C(X), py) with the ends A and B and with the length 1+ %
. 3
Let us note that the space (X,p*) is metrically convex, (p*)y(A,B) = ¢ =1+ % and

convex hulls (A), and (B), (with respect to p* metric) are compact for every 7 € [0, o]. Thus,
by Proposition 14, the function M : [0, ] — (C(X), (p*)#) defined by

M(t) = (A); N (B) o forr € [0,

is an isometric embedding. Therefore, M : [0, &¢] — (C(X), py) is a homeomorphic embed-
ding and, by Remark 3, we get

M ([0, &) |py, < 0.
Thus, by Corollary 11,

M ([0, &) |py, = .
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A
az
. 3
Fig. 1. (p*)n(A,B) = 1+§
a ¥ by
T
[
4 A, M B

az bz

Fig. 2. Construction of an arc in (C(X), py) joining A and B, with length equal to 2
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ba

Fig. 3. Construction of an arc in (C(X), py) joining A and B, with the shortest length

Fig. 4. Construction of an arc in C(X) which approximates (p*)y (A, B)

Part 4.

Figure 4 presents a method of constructing arcs whose lengths approximate (p*)y (A, B) for
sets A and B from Example 15. Here A| and B from Lemma 5 are 10 - element subsets of A
and B respectively.

Let us note that in general there are no good methods to find an arc with the shortest length
in (C(X),pu) (even if it exists). Moreover, to calculate lengths of arcs in this space may be
a difficult task. The equality

(Pr)" = (P")u,

(see Corollary 11) allows us to calculate (py)* without constructing arcs in (C(X),pn).
Much simpler calculations of lengths of arcs in the space (X, p) are sufficient to find (py)*
distance of two elements of C(X).
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1. INTRODUCTION

The problem of pricing and hedging non-attainable claims in incomplete markets is one
of the fundamental problems in mathematical finance. It has been considered by many re-
searchers, under various hedging criteria. One of the quite popular hedging criteria is risk-
minimization introduced by Follmer and Sondermann [7]. Their idea was to omit the self-
financing condition and look for strategies that hedge a single claim H at time 7T perfectly
and at the same time minimize the conditional variance of the remaining cost at each time ¢.
They proved in [7] that there exists a unique risk minimizing hedging strategy for an arbitrary
square integrable payoff at fixed maturity 7" < oo provided that the process of discounted price
of the risky asset is a square integrable martingale. After [7], many papers have appeared
dealing with the problem of finding an explicit formula for the risk minimizing strategy.
Bouleau and Lamberton [1] have used the carré-du-champ operator to find a risk minimiz-
ing strategy for European options that are functions of the asset price at time 7" when the
asset price is a function of a Markov process. Subsequently, Elliott and Follmer [6] solved
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a similar problem in the one-dimensional Markovian case as well as in the general case by
using orthogonal martingale representation, i.e. the Galtchouk-Kunita-Watanabe decompo-
sition (GKW for short). Mgller [13] generalized the results of Féllmer and Sondermann to
the case in which the liabilities of the hedger are described by an arbitrary square integrable
and cadlag payment process. It is also worth mentioning the papers by Dahl and Mgller [5]
and Dahl, Melchior and Mgller [4] where explicit formulae for risk minimization of life in-
surance contracts that are subject to systematic mortality risk are derived. Norberg [15] (see
also Norberg [14]) has proved, in a multidimensional setting and under the assumption that
some predictable covariations are absolutely continuous, that finding the main component of
a risk minimizing strategy can be reduced to solving a system of linear equations. Norberg
[15] derives the equations for this component without referring to GKW decomposition as
in [13]. In a recent paper Ceci, Cretarolla and Russo [2] found risk minimizing strategies
under restricted information by solving backward stochastic differential equations driven by
martingales. In [9] we derive the pricing and hedging formulae for financial contracts with
a payment stream process D having some structure which also depends on the credit rat-
ing process. The formulae are given in terms of a solution of a certain Cauchy problem
of integro-differential type. We note that these formulae in order to be applied in practice
require first solving system of coupled integro-differential equations which is usually done
numerically and then integrating numerically the solution with respect the Lévy measure.
A realisation of this program can be very complicated. Therefore in this paper we proposed
to use Fourier methods for solving problems of pricing and hedging in Lévy exponential
model with ratings. We obtain formulae in which we first solve numerically linear matrix
ODE and then integrate it numerically, so these formulae are much simpler to be applied in
practice than these obtained in [9]. Our result is closely related to Tankov [18] who showed
explicit formula for minimal variance portfolios in the case of European pay-offs and ex-
ponential Lévy models by using Fourier analysis techniques developed earlier by Hubalek,
Kallsen, and Krawczyk [8]. Such a portfolio is closely related to a risk minimizing strategy
(see discussion on page 547 in [17]) since it is solved by means of GKW decomposition.
Tankov’s formula is in terms of integrals of the Fourier transforms of the payoff and the
characteristic function of the corresponding Lévy process. In this paper we generalize the
technique introduced by Tankov [18] and apply them to pricing problem on a market with
one risky asset which is subject to credit risk. The credit risk in our setup is modelled by
a credit rating process which is assumed to be a finite state Markov chain whose evolution
influences on the dynamic of a risky assets. We obtain formulae which are expressed by
means of integral of Fourier transform of functions which appear in the payment process and
a discounted conditional characteristic function of log prices. The paper is organised in the
following way. In Section 2 we present, following [9], a model of market and methods of
pricing and hedging using partial integro-differential equations (PIDE’s). Since these results
are not easy to implement in practice we develop theory giving results in terms of Fourier
transforms, which are easy to implement numerically. It is done in Section 3. In Theorem
3 we give a price of a single payoff, in Theorem 5 an ex-dividend price of payments stream
process D and in Theorem 7 the risk minimization strategy for D.
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2. DESCRIPTION OF A MODEL

2.1. DESCRIPTION OF A (JUMP-DIFFUSION) MARKET MODEL

We consider a market on which there exists a bank account and we trade risky assets.
We assume that the trading holds on interval [0,7*] with 7% < eo. Our model of market
takes into account ratings and jumps of price processes. These are modelled by a multidi-
mensional process (S,C) on some filtered probability space (Q,F,IF,[P). The process S is
a process of price of tradable risky asset and the process C takes values in a finite state space
K =A{1,...,K}. It could be interpreted as a credit rating of company, so C, represents a credit
rating at time u < T* of a company whose stock price is given by S. We suppose that the
investor can invest in a money account with the price process, denoted by B, depending on
economic conditions of market which are described by the rating system C. The process B
is given by a unique solution to

dB, =t(C,_)Bydu, Bo=1, uecl0,T"], (1)

where v is a measurable and deterministic bounded function. Let 8 denote the discount factor
process, i.e.,
B =8B reloT1]

We also assume that the evolution of prices depends on credit rating or economic conditions
of market which are described by C. So, we assume that our model is described by SDE in
which the credit rating of company have impact on asset prices S by influence on drift and
volatility. Moreover, a change in credit rating from j to k at time u causes a jump in prices
of size (e\w’k — 1) in percentages. Taking into account these considerations we assume that
the evolution of (S,C) is given as a unique weak solution of the following SDE

ds; = Sl_(t(Ct_)dt +(2(C,_),dW;) + / (™)X _ 1) 7 (dx, dr) 2)
JRe
+ Z (eTj.k B 1)1{1}(Cr_)d1q;]k> 7
JkEK k]
dc,= Y (k- j)1;(Co)dnNy*,

JkER kA

where (-,-) denotes the scalar product in R", X : K — R", Wik ¢ R, W is a standard
n-dimensional Wiener process, N/* are independent Poisson processes with constant inten-
sities A/ > 0 and 7(dx, dt) is a Poisson random measure on R" x [0, 7*] with the intensity
measure p (dx)dr satisfying, for some m > 1,

/Ix . AMEDNp(dx) <00 Vie K. 3)
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Moreover, 7(dx,dt) is the compensated Poisson random measure, i.e.,
7t(dx,dt) = m(dx,dt) — p(dx)dt,

and M/* are compensated Poissson processes N/* given by
MI* =N/*— A0k e, T

Information available to the market participants is from an observation of process (S,C).

Our model generalize a regime switching model with jumps, extensively studied amongs
others by Chourdakis [3], Mijatovic and Pistorius [12] or Kim et al. [11] for which Wik =0
in (2), so the part of dynamics driven by M7* disappears. Note that the coefficients of SDE
(2) satisty standard assumptions (linear growth and Lipschitz conditions) for existence of
a unique strong solution. We denote

. . u .
Hi=1,_;,  Hi*= /0 H aHY,  uel0,T7]

for j,k € IC, k # j. The process (Hd’k>u€[0’T*] counts the number of jumps of C from j to k
up to time u and we have (see e.g. [9]).

. ‘U . .
HJ* = / H]_anj*.
0
This and the martingale property of MI* imply that the process defined by
. . u o X
Mk = HJ* / H A7k, uelo, T, 4)
Jo

is an (IF, P)-martingale. Thus in view of martingale characterization theorem (see e.g. Rogers
and Williams [16]) the coordinate C of solution (S, C) is a Markov chain with the state space
IC and A7* can be interpreted as transition intensity of C. The drift term in (2) implies that
the discounted prices of tradable assets S are local martingales under the probability P. So,
P is a martingale measure, and hence there is no arbitrage on the market.

2.2. PRICING AND HEDGING VIA PIDE’S

We consider a contract between two parties, a seller (also called hedger) and a buyer,
which specifies precisely the cash-flows between these two parties. These cash-flows are
described by a cadlag process D, i.e. D; represents accumulated payments (outflows as well
as injections of cash from the buyer) up to time ¢. The process D is called a payments stream
process or a dividend process. Fix T, T < T*. We consider here the dividend processes of
the form

°t ot .
Dy = h(S7,Cr)Li>1 + / 88, Cdu+ Y / 77k (s, )dHI*, (5)
0 jkeK:k#j70
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0 <t <T* whereh, g, 77 are continuous in s real-valued functions such that

T 2
E’/t B 'B.dD,| <o forallze[0,T]. ©6)

This payments stream process describes the following payments:

(i) The promised payment 2(St,Cr) which is paid at time 7.
(ii) The promised coupons which are paid instantaneously at intensity g(S,,C,) in [0, T].

(iii) The payments Z/K (Sy—), which are paid at u provided that there is a change in the
rating C from j to k at the moment u.

There are two fundamental problems that need to be studied for the financial contract
introduced above, that is the pricing of the contract described by D and the hedging of this
contract. We solve these problems on the market with processes of prices described by
equations (1) and (2). As we know from [10], the problem of pricing of D boils down to
computations of the ex-dividend price process, i.e.

v, :ﬁt—lE(ﬁTh(ST,CT)+/tTﬁug(Su,Cu)du+ Y /Tﬁuzj.,k(su,)d@k‘ﬂ), )

Jokelk#j 1

One can price and hedge such claims via associated Cauchy problems as it has been described
in our paper [9]. Indeed, it is clear from the exponential form of component S of solution of
(2), that ® = R, x K is an invariant set for (2). So, assuming that &, g, Z/* € C,,(D), where

Cn(®)={u:D —R: u(-,j) is continuous and |u(y, j)| < K(1+[y|") VjeK},

and the function v is a sufficiently smooth solution of the following Cauchy problem

(s, j) + Vu(t,s, j)x( ’)s+%s|2( HEV(t.s, )

+ / V5B )< v(t,5,) ~ V(t,5, )=~ 1)) p(d)
+ Z (V(t7se‘1" ak)_v(tvsvj)_vv(t7s7j)(e\yj.k_1)+Zj’k(t7s))kj’k (8)
keK\j
+g(t7s7j)207 (l,S7j)€[O,T)><©,
v(T,s,j) = h(s, j), (s,]J) €D,

it is clear by Theorem 3.1 in [9] that the ex-dividend price process is given by
‘/t = v(t:Stvcl)'

The hedging problem is more complicated than the problem of pricing. First of all, the per-
fect hedging in the most cases is not possible, since the market introduced in Section 2.1
is usually incomplete. Thus, we need to specify the meaning of hedging that we wish to
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execute. There are many concepts of hedging in the incomplete markets: the min-variance
hedging, the indifference pricing or the (local) risk minimization amongst others. In this
paper we will focus on the risk minimization approach introduced by Follmer and Sonder-
mann [7].

The idea of the risk minimization is to find a strategy which minimize the risk measured
as a conditional variance of the remaining cost viewed from every time t < 7. We denote
by (¢,n) a strategy that describes the number of assets held in the portfolio at time ¢, i.e.
¢ is the number of risky assets and 7] describes the financial position on the bank account.
By Theorem 3.2 from [9] it follows that we can find a 0-achieving risk-minimizing strategy
for D by means of solving the related Cauchy problem (8) and then some system of linear
equations.

Using Theorem 3.2 from [9] we see that the component ¢ has on the set {C;— = j} the
representation

V(1,8 e® ) — (1,8, )
S[,

9 =(G))"! <2<j>|2w<z,s,,j> + [ (e —1) p(d)

j.k . ;
+ Z (e‘Pj'kil)(v(tvSt—elw :k)V(tvsl—aj)+Zj7k(t7St—)))~j,k> ,
keK:k#j Si—

where

Gl = <|):( JF+ / (=D 12 (dx) + ( Yy (V- 1)%/*)) .
Rr keKikj
and the component 7] of optimal strategy is given by

ne =P (V(tvstvcf)l{t<7'} —St).

We can use Theorem 3.2 from [9] since condition (3) implies conditions (2.8) and (2.11)
in [9].

3. PRICING AND HEDGING VIA FOURIER METHODS

In the previous section we described how problems of pricing and hedging can be solved
using solutions of Cauchy problems. Now we will show, under some assumptions on func-
tions h,g,Z/*, that we can find risk minimization strategy for D given by (5) via Fourier
transform methods.

As in the previous section we assume that /1, g, Z/* € C,,(®). We start with the following
lemma which is of fundamental importance in this paper. The lemma gives the dynamic of
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the log-prices of risky asset as well as the formula for discounted conditional characteristic
function of the the log-price process in terms of matrix valued linear ODE which can be
solved numerically. This will enable us, subsequently, to use Fourier transform methods to
compute conditional expectation in terms of the related ODEs and the Fourier transforms of
some functions.

Lemma 1. Suppose that (S,C) is a unique solution of the system of SDEs (2). Then Y, :=InSS,
has the following dynamics

V= Yot [ (M) = -2 )) = (G )ds+ [ (2(C,o), L)

LY Wi, ©)
JKER, j4k
where L is an RX-valued Levy process with the characteristic triple (0,1d,p),
Ji(u) =~ <u’2u> - (ei(L"x> —1- i(%X)]l{mg}) p(dx),
HiH= Y (elw'k - 1) Ak, 1o
kel kot
Moreover, for any u € R
BB Bre™ 1, 1) = € e, 4(1:, ), an
where ¢(t;T,u) = [@; 1 (t;T,u)]; xex is a solution to the system of matrix valued ODEs
do(:T,u) = —(A+OW)o(t: T,u)dr,  ¢(T:T,u) =1 (12)

with a matrix function © defined by

o D AEG) + () = T (—i2() = (7). =k,
®Jsk(u) - Aj’k(eiu‘l’j‘k _ 1), JjF#k.

Proof. The first part follows from It6’s lemma. For the second part we use a Feynman-Kac
argument. First we show that

v(t,y,)) = " 9 u(t:T,u) (13)

is a classical solution of a Cauchy problem

@+ A,y ) = ety ), V(T ) =1y, (14)

Indeed, under hypothesis (13) we have

ov(t,y, j) = iue"™ ¢ 1(t:T,u), Ogv(t,3,j) = —uPe™ ¢4 (1T, u),
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v(t,y+(E()),x), ) —v(t,y,7) = hv(t, 3, EG), ) D <y
:e’”y(l)j,k(t;T,u) (e (1) >—l—iu<):(j),x>11‘x|§1),
V(tvy + LI_[]~7717m) - V(I,y, ]) = eiuy(@n,k(t; T7 u)eiu‘l’j’m - d’j,k(t; T7 u))

Hence, substituting these expressions in (14) and using (12) yield

(31 A3, ) = (00600 +iu(e()~ T (~i507) ~ i)y T.0)
- EDEINE o+ gyate T [ (507 1 () 9021 )o(d

Y OueT a0 (T )A) = () a6 o) = ¥()v(e,y, ).
mek,m#j

which proves that v solves the Cauchy problem (14). Thus, using It6’s lemma we obtain
) ) t
S;u¢cr,k(t; T, M)Bt = Sf)u‘PCo.,k(O; T, u) + iu/o ﬁsslsli(pCr—,k(S; T, “) <E(CX*) ) dWY>
t . . _
+ / / Bt gc, w(s:T,u) ("™ —1)7(ds, dx) (15)

+/ BoS™ (G (s:T,10) ™™™ — ¢ (1T, u0) )AMI™.
J» mEIC m#;

This shows that (S{“9c, x(#:T,u)B:),c(0,r) is a local martingale. Now, we note that it is uni-
formly integrable and hence it is a martingale.

Remark 2. Equality (11) is also valid for u € C satisfying an additional assumption. Let

u=a-+ib € C be such that
bE(i) e {v : /H (2% 4 ) p (dx) < oo}
x|>1

foreveryic K.

This assumption implies that

= 5P <=

and hence (S™¢c, x(t;T, w)Br)iejo,r) is still uniformly integrable for such chosen complex
number u.

Let us introduce some convenient notation. For a given function g : R X K — R by g° we

denote the modified payoff function

g () :=g(e,c),
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and for a real number R we denote by g% the dampened modified function g°, i.e.
gr(nk) = g° (v, k)e ™ = g(e” k)e ™.

Moreover, by g we denote the vector valued function g(u) = (g(u,1),...g(u,K))", where
g(+,¢) is the Fourier transform of g(-,¢), i.e.

g(u,c) :Z/Rei”yg(y,c)dy.

Note that we (obviously) have

go(u,c) = g¢(u+iR,c).

In the theorem below we show how the Fourier methods can be applied to solve the pricing
problem for single payoff h(Sr,Cr) at time T < T*.

Theorem 3. Let h be a given payoff function h: Ry x K — R. Suppose that there exists R
such that:

i) the dampened modified payoff function hy has properties

y = W (y,k) is in L' (R) NC(R), u— 1% (u,k) is in L'(R),
ii)
EeT < oo,
Then
1 . —~
B, 'E(Brh(Sr,Cr)|Fr) = E/RSf””(Ht,d)(t;T,—u—iR)he(u—s-iR))dm (16)

where ¢ is the unique solution of ODE (12) and

Hy = (1y(Gy),..., 1y (C)

Proof. Recall that S; = e". We have

B "E(Brh(Sr.Cr) I F)Cr) ;) = BB Bre® g ¥r, Cr) | )
— 1 —iuYr e
~ BB Bre™ o [ iy (u,Cr)dul 7).

By assumption ii),

E(/ B Brere iy (u,Cr)| du) < KE (B, Bre") < e,
R
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so we can apply the Fubini theorem and Lemma 1 in penultimate equality, which yield

B '"E(Brh(Sr.Cr)|F;)

_ 1 —1 RYr —iuYrj¢
—E/RE([BI Pret'Te hR(u,CT)\]:,)du
_ 1 —1p  RYp —iuYrie .

T /RE(ﬁ, PretTe h (u+1R7CT)|]-})du
1

= Z Zn/RE B Brefre mYT]l{C k}\]-',) ¢(u+iR,k)du

kel
1 . ) ~
-Y 5. / E(ﬁl’lﬁTe’(’“”R)YTTI{CT:k}|}",)he(u—l—iR,k)du
kel JR
1 : , ~
=y — / e MWER) o (63T, —u — iR, k)¢ (u+ iR, k) du
ke 21 Jr '
1 . ~
=Y 5 / MR g (63T, —u— iR, k) (u+ iR, k) du.
kel JR
The proof is complete. O

In most cases formula (16) is applied for = 0, in such case (16) takes the form
E(Brh(Sr,Cr)) / SR T, —u—iR)h*(u+ iR))du

= o e o 0T~ i) i),

where y := InSy. Note that the above integral involves hAfe which is the Fourier transform
of modified dampened payoff function and ¢(0;7,-) which is the discounted characteristic
function of log-prices at time T (extended to complex domain cf. Remark 2). This integral
can be efficiently approximated via Fast Fourier Transform methods provided that hf is
known explicitly.

The following proposition follows from Theorem 3 and shows how the pricing problem
can be solved by using a Fourier integral and a linear vector valued ODE:
Proposition 4. Let h and f be measurable functions R x K — R. Suppose that there exist

a constant R such that:

i) The functions
y = hg(yk) and y— fr(vk) are in L'(R)NCy(R),
u— };i(u,k) and u— ]?f;,(u,k) are in L'(R).

ii)

E sup R < oo,
vel0,T]
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Then
B (Brh(Sr,Cr) +/ Buf (50,C)dvI F; ) = / SR (H, D T,u+iR))du,  (17)
where ® = (®y,...,®k) " is a solution of the vector valued ODE
() + (A+O(—u))D(t,u) = —f(u), S(T.u)=h*(u). (18)
Proof. Note that the solution ® of (18) can be written as
~ T ~
lt,u) = (1T~ () + [ 9(riv,—u)fe(u)v, (19
t
where ¢ is a solution of ODE (12). Hence (17) is equivalent to
T
BB (Bri(Sr.Cr)+ [ Buf (5.C)av|F)
t
1 : ~ T N
_ E/ Sf*’“<Ht,q)(t;T, —u— iR (u+ iR) +/ O(t3v, —u— iR)fe(u+iR)dv>du.
R t
Thus, in view of Theorem 3, it suffices to show that
T ~
1]E / Bof(Sy.Cy )dv|]-',) - 2”/ SR ’”<H,,/ O (130, —u— iR) f* (u+ iR)dv>du.
Towards this end, note that by the Fubini theorem and Theorem 3 we have
1 ’ r 1
BE( [ BsuConlF) = [ E(B B8, CI)dv
T, . N
_ / (7/ SR (H, 0 (13v, —u— iR)fe(u+iR)>du) dv
t 2n Jr
L/ skl /T(P(t'v = iR) e (u+ iR)dv du
T Jr t 1y ; s Vy .
This ends the proof. O

Now we can summarize the above results and obtain the ex-dividend price of D using
Propostion 4, (5) and (7).

Theorem 5. Suppose that the payoff function h: R, x K — R and

fOnJ) =g j)+ Y, 2 (y)Adk. (20)
=

satisfy assumptions i) and ii) of Proposition 4. Then the ex-dividend price of D is given by
1 .
vV, = 7/ SRt (H, . ®(t;T,u+iR))du,
2r Jr

where @ is the unique solution of the ODE (18) with the function f given by (20).
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In the following lemma we show the dynamic of the process under the integral in formula
(17). This result together with Proposition 4 will be used in the proof our second main result
of the paper giving hedging strategy.

Lemma 6. Suppose that the assumptions of Proposition 4 are in force. Let ® be the unique
solution of ODE (18). Then

d(SR "¢, (t,T,u+iR))
= SF-ide (1,T,u+iR)) [(R—iu)(E(C,_),dW,} T / (E<R—,-u><z(ch>,y> _ l)ﬁ(ds,dy)}
JR?

+ Y Sf:""(@k(t,T,u+iR)e(R—"“>‘1’""‘—cpj(t,T,u+iR))dM,f'”‘
k,j:j#k
SR (CDCP(I, T,u+iR))e(C,_) ff\e(u+iR,C,_))dt.
(21

Proof. Using integration by parts formula we have

d(SR"c (t,T,u+iR)) = (dSF ™), (t,T,u+iR))

+ SRfiudq) . R—iu R (22)
Al ¢, (1, T,u+iR)) +AS;} "ADc, (t,T,u+iR).

Now we calculate the components of the right hand side of (22). Using It6’s lemma note that

4 ds, 1 ;
dsk— — (R— iu)Sf:’“i + E(R —iu)(R—1—iu)SR=™(X(C; ), 2(C;)dt
. AS,\ R—iu AS
R—iu a0t 1 B et
+ Sk ((HSF) 1 (R m)S,)'

Then substituting (2) we can write this in the form

dSk-in — gR-iu ((R —iu)(Z(C),dW)+ Y (e(R_iu>lp./'J< B 1) 1 (&, )ami*
k,jEK: j#k

n (e<R*f"><Z<Cff>vY> - 1) #(dt,dy) + (R — iu)t(C,_)dt>
R}’l

+ 1((R —iu)? — (R —iu))SK"(X(C,_),%(C,—))dt

2
sy (e“*"‘“‘*”’"—1)1{]-}(C,7)M"dt
k,jeK: j#k
—(R—iw)SF Y (e 1) 1(Co)A Rar
k,jeK:j#k

s [ (e G 1 (R ) (2(Co-) ) et ) Pyl

—(R=iwsf [ (B0 1 (5(C) )Ly Jp )l
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This, in turn, can be written in terms of 7} and [/, (see (10)) as
dSR-in = gRiu [(R — i) (E(C,o),dW) + Y (e(R*""W”k - 1) 1y(Co)ami*
k,jeK: j#k

n (e<R—i"><Z<Cr—>’-V> - l)ﬁ'(dt,dy) +Ti(~u+iR)+ Y Oq x(—(u+iR) (23)
R? kA£G,

+(R= i) (+(Cim) = i (~i%(Gi-)) ~ Pa(Cro) ).
Now, let us calculate differential d®¢, (¢;7,u+iR). Applying It6’s lemma we obtain
d®c, (;Tu+iR)= Y (P(t;T,u+iR)—Pc,_(t;T,u+iR))A“*dt
k:k#Cr—
+9®c_ (T, u+iR)dt+ Y (Pp(t;T,u+iR) — ;(t;T,u+iR))dM/* .
k.j:k#j

From (18) we get

ddc, (1:T,u+iR) = (Z@C, u—iR)CI>j(t;T,u+iR)+fe(u+iR,Ct,))dt

. (24)
+ Y (Pt T, u+iR) — @;(t:T,u+iR))dM;".
k.j:j#k

Using this and (23) yield
ki woin ([ St \R-it
ASF-UADC (1,T,u— iR) = SR~ ( (S—) - 1) (cpc, (t,T,u—iR) — ¢, (t,T,u— iR))
-

— ) sk (e<R—iu>‘PC'*’k - 1) (Cbk(t, T,u—iR) — e, (t,T,u— iR))
k£C,—

=k Y O i(—u—iR)(r,T,u—iR)

S
— &, (1,T,u—iR) Y @le,k(—u—ik))dt
kG,
+ Y sk ’”( (R—iu) ¥/ 1) (cbk(t,T,u—iR)—cp,-(t,T,u—iR))dM,f'=".
k.j:j#k

Substituting the above, (23) and (24) into (22) we obtain
d(SE"®e, (1, T,u—iR)) =
= SR=itqe. (1, T,u—iR)) ((R — i) (E(C),dW) + Y (R ) am)t

kjeK:jk
(R-i)(Z(C-)y) _ 1\ %
+ - (e l)ﬂ:(dt,dy))

+SF G, (1, Tou— iR)) [Ty (~(w+ RIEC-) + Y O 4(—(u-+iR))
k#Cy—
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+ (R=iw) (+(Gi-) = T (~%(G-)) — Ta(Gi-) ) |
— gR-in (@C,,,C,, (—u—iR)®c, (t:T,u~+iR) + f¢(u+iR, Ct,))dt

— SR-iu (@CF (t,Tu—iR) Y Oc, x(—u— iR))dt
k£C,—

X SE (1 B ) (00, T~ iR) — (0, T~ iR) ) AMFE.
k.jeK: j#k

This simplifies to
d(SR"®c (t,T,u—iR))
— SR (1,T,u— iR)) ((R — i) (Z(C,_),dW,) + / (e<R*f"><E<Cff%Y> . 1) 7, dy))
Rn

Y SRl T iR) R (1,7 iR) ) amf*
k,jex: j4k

4 SR (1,T,u—iR)) [jl (—(u+iR)Z(C)) + (R—iu) (x(C,)
~ Ji(~I2(G )~ (G |ar
_ gk (@CHCF (—u—iR)®c, (1T, u+iR) + fe(u+ iR7C,,))dt.
From the equality
—@c, ¢ (—u—iR)
= 4(G) ~ (U R ~ i —u—iR) (+(Cr-) — (=G ) — Ta(Cin),
we obtain the asserted formula (21). The proof is now complete. O

As we know from [13, Theorem 2.1] the crucial role for finding the risk minimizing
strategy is played by the martingale M defined by

My = S(Br(Sr.Cr) + [ B (.G,

where f is given by (20). We need to find the martingale representation of M and to do this
we use the stochastic Fubini theorem. So, we need to impose some integrability assumptions.
Below we give two sets of assumptions which allow to apply stochastic Fubini theorem:

(A1): Let @ be the unique solution of ODE (18) and assume that there exists a function
6 : C — R, such that 8(- +iR) € L' (R) and which, for every ¢ € [0,T], satisfies

[ e (Tt i)
= UL e

[ L s

212
S(thu)

V—

(R iu)2<Z(Cv,),E(CV,)>du} dv < oo,

(R—iu) 2
—

S

|e(R7iu)<Z(Cv—)~,)’> - 1|2p(dy)du} dv < oo,
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Rtu

H‘{;l/”k} dudv

z |<I>k(v,T,u+iR)e(R*iM)‘Pj’k7<I>j(v,T7u+iR)}
A : Bs
Kk J0 R 0(u+iR)

< oo,

The second set of assumptions uses the functions which appears in the explicit form of
solution (18) given by (19).

(A2): Let ¢ be the unique solution of ODE (12) and let us denote by ¢; the j-th row
vector of the matrix ¢. Set

Vi(vs,u) = e G (v, 5,0) = 0;(v,5,u).

Suppose that there exist functions 6; : C — Ry and 6, : [0,T] x C — R4 such that 6, (- +
iR) € L'(R) and 6,(-,-+iR) € L'([0,T] x R) and for every ¢ € [0, T] the following integra-
bility conditions hold

0(v, T, u~+iR)he(u+iR)* , R-iw)|? .2
E / / o iR B2 [V (R— ) (2(Cy ), 2(C, - )ydu] dv < oo,
! (T, u+ iRk (u+iR) R )| (R—iw) (2(C,o)
Bl L L Pl e ~1Pptayyau]av
< oo,

T,u+iR he + R iu j j
]E// Im(v wc+ iR)R -+ iR) BiJs\ |Hi,’_kf’k}dudv<°°.
kJEICHék

01 (u+iR)
and
+iR)fe(u+iR W
E / / / 19 ”gz s’ u)j: 1(1?) R g2 gt (R~ i) (E(C,) £(C- ) dsdu] dv
< oo,
T|g(v,s,u+iR)f*(u+iR)[> GR=in) 7] (R-iu)(2(C,)
/ //Rd 0(s,u+iR) B |s v_ & ]| ds
p(dy)du} dv < o,

v,s,u+IR)f¢(u+iR) P
IE// / ‘Y] ( ¥ | ﬁV|SR iw) | H‘f_lf’k}dsdudv<oo.
k]elcj;ék 0>(s,u+iR)
The next theorem is the main result of the paper and generalize results of Tankov [18]
obtained for exponential Lévy models. One can verify that in the case considered by Tankov
[18] the set (A1) of assumptions are satisfied.
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Theorem 7. Let @ be the unique solution of the ODE (18) with the function a given by (20).
Suppose that (Al) or (A2) holds. Then the risk minimization strategy for D exists and is
determined by the following investment in risky asset

1 —iw(He—, (G(—u—i(R+1)) = G(—u—iR) — L)®(s,T,u+iR))
0=og [ S (H,_(G(—2i) —2G(—i))1) du

L (2" (S )Hy G(=i)"H; )

S (He (G(—20) — 2G(~ 1))
where 1 = (1,...,1)T € R, G(u), for u € C, is a matrix given by
Ji(uX(j)) J=k,
ij( ) {)L/k(m‘l"j'k_l) ‘]7ék,

and

L =diag(G(—i)1).
Proof. Let M be the martingale defined by

M, _IE([STh(ST,CT +/ Bg(S,,Cldv+ Y / B,ZIk(s, )de’k|]:t),
Jikej#k0

By [13, Theorem 2.1] the position in risky asset in the risk minimization strategy is given by
00— d((M,SB))v
Vv I
d{(SB))v

where ((-,-)) denotes angle bracket (predictable quadratic covariation). We note that using
(2) and the definition of G one can verify in a standard way that

d((SP))v = (Sv-Pv)* (-, (G(=2i) —2G(~i))1)dv.

Now we compute d{{M,Sf)),. Towards this end we will find the martingale representation
of M. We start with rewriting the martingale M in the form

T T ) )
- E(ﬁrh(ST,Cr) + / Bg(S,Cldv+ Y / ﬁvZf’k(Sv_)def*k‘f,)
JkeEK: j#k

+ / Bog(S0,Cy)dv + / B.ZIK (S, )dHI*

Jkek: ﬁék

:ﬁ,(ﬁ,‘I]E(ﬁTh(ST,CT)—i—/I B, g(sv,,cv,)+ Y ZC“*”‘(SV,)/IC"*”‘)dv|]-",))

kA£C,—
t t . .
+ [ B(ssCrt X 205 Have X [ Bzi(s.am
k#£C,— JkeK: j#k
1
o

+ / BZIK(S,_)dMi*, (25)
Jj keIC j#k

/ [B,SR (H, DT, u+iR)) +/ B,SR=i fe (4 +iR,C, )dv}d
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where in the third equality we have used (17) and the Fourier inversion formula. Now, using
(21) and integration by parts we arrive at a formula for the dynamic of the first term under
the integral in (25)

d(B,SR~ "¢, (v, T,u+iR))
= B, SRt (vTu+lR))[( —iu)((Cy ), dW,) +/ (R—iu) >y>71>7~r(dv,dy)}

+ Y Bt (‘bk(v, T,u+ zR)e<R WP _ (0, T,u+ zR))dMgJ‘
JKER:k# j

— B,SR- fe(u+iR,C,_ )d.

Hence (25) takes the form
M, = Mo—i—— / / BSE e (v.T,u+iR))(R — i) (E(Co ), dWy)du

L/ / B‘»S§:”’¢cv,(V,T,M+iR))/ (e(Rfiu)@(Cv—)a.Wfl)ﬁ(d‘,?dy)du

n

. 26
/ / Y Bt '"(qak(vru+zk) (R—iu) 7% qnj(v,T,u+iR))dMgvk}du (26)
ok j#k
v / B2 (S, )dMi*.
J.keK: j#k

Now, using stochastic Fubini theorems (which is allowed under our assumptions) we obtain
a martingale representation of M

M; = Mo+ / / BSR=Mde, (v, T,u~+iR))(R — i) X(C,— )du,dW,)
R—iugg : (R—it) (Z(Cy ) y) ~
+// 2n/ﬁv5 c, (v, T,u-+iR)) (e 1)du| 7(dv,dy)
/ Jkﬁfk

+ Y /ﬁzﬂ‘ )ydMI*.

J.keR: j#k

27: / B,SF- ”‘ qak v.T,u+iR)e R "““”’k—c1>j(v,T,u+iR))du} AMI*

Thus, we have

((M Sﬁ)) Bt 1 /SR ingpe, VTHZR)){( iu)@(cv,),z(cv,»}du

+ / SR1-ingpe, (v, T,u—i—iR))[ /R (G 1) (€0 1) p(dy) | du

+ / SR-1- ”‘ <<I>k(v,T7u+iR)e<R7"”>le‘kf<I>j(v,T,u+iR)) (e‘Pj'kfl)H{,Mk}du)
J k:j#k
+ Y B, ZiK(s,) (e‘*’"”" - 1)Hg,;wk
J.keEK: jFk
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kel

+ Z S A (‘Pj'k1>HJlj’k>»

Jok:j#k

1 S, <2E/SR 1— m Z(N}CL_,((R—iu)d)k(v,T,u-l—iR)}du

where

G j(R = i) i=(R—iw) (), 2() + | (8<R7iu)<z<j>.y> - 1) (e<z<j>.,y> _ 1) p(dy)

- Z (e‘w’k—l)lj’k,
kekCko£j

and for j #k
ijk (R - iu) = e(Riiu)LPI‘k (e‘{”’k - l) A,jvk.

Letting Z/+/ = 0 we can write

. " - 1
Y sz, (e‘”’k - 1)Hg,/lka = —(Z"(Sy_)Hy_,G(—i) H,_).
Jok:j#k Ss—

So it remains to show that
G(R—iu) = G(—u—i(R+1)) — G(—u— iR) — diag(G(—i)1).

One can easily verify that

[(R—iw)(2).2()) + / eREG 1) ()|
=T ((—u—i(R+1))2(j)) = T ((—u—iR)E(j)) — T (—iZ(}))-

This implies, for any j € K, that

Gjj(R—iu) = Ji((—u—i(R+1))Z()) = T ((—u—iR)E())) = T (~i())) = ()
=Gjj(-u—i(R+1)) = Gj j(-u—iR) = (G(=i)1)};.

Now let us consider off-diagonal elements of G. We fix J,k € K, j# k and note that
6,' (R —iu) = ( (R 1= _ e(Rfiu)‘Pj’k) Ak

_ (e(R+17iu)‘I’~f=" _ l)lj,k _ (e(Rfiu)‘I’j'r" _ l)lj,k
= Gjﬁk(—u — l(R+ 1)) — Gj_k(—u — IR) — (dzag(G(—l)]l))Jk

The proof is now complete.
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Abstract: In the paper we present two optimal stopping problems with a change of structure of rewards
at random time (called disorder time). The considered problems can be formulated as follows: a decision
maker observes offers which appear at jump times of a Poisson process. The decision concerning the
acceptance or the rejection of a presented offer is made at the moment of its appearance. Once rejected, the
offer cannot be considered again. A reward for the decision maker is equal to the discounted value of the
selected offer. The distribution of offers can change at random time. In the first problem we assume that
the decision maker does not know if the disorder time has appeared or not. In the second one the decision
maker knows it. The aim of the decision maker in both problems is to maximize the expected reward. In
the paper, an explicit solution of both problems and their comparison is presented. The influence of the
knowledge of the disorder time on the value of optimal mean reward is analysed.

Keywords: optimal stopping, Elfving problem, disorder time
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1. INTRODUCTION

The paper is inspired by the Elfving problem ([6], see also [4]). The Elfving problem is an
optimal stopping problem of independent, identically distributed random variables observed
sequentially at jump times of a Poisson process. The problem can be interpreted as follows:
we want to sell some commodity (for example a car or a house). At random times we obtain
offers, one at a time. The decision about the acceptance or the rejection of an offer must be
made at the time of its appearance. Once rejected, the offer cannot be taken into consideration
again. If we decide to accept the offer, we obtain a reward equal to the discounted value of
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the offer. Our aim is to maximize the expected reward from the sale. Contrary to the Elfving
problem, we do not assume that the offers have the same distribution, that is, we allow the
distribution of the offers to change at random time. Such time is called the disorder time.

The Elfving problem was formulated and solved in [6] and analysed subsequently in [22],
where an assumption was removed from the problem (see also [4]). Next, the problem was
modified and extended in different directions. In [5] renewal process and random horizon
with Gamma distribution was introduced. In [19] the assumption that rewards constitute
a Markov chain was considered. Random horizon in the Elfving problem was introduced in
[7] and in [12], where, additionally, a cost function was taken into consideration. Random
starting time of decision process was introduced in [10]. Multiperson games with rewards
the same as in the Elfving problem were presented in [8] and [16]. The allocation problem
inspired by the Elfving problem was considered in [1] and [9]. The Elfving problem was
generalized to multiple stopping problem in [23] and [24] and to multiple stopping problem
with random horizon in [14].

An optimal stopping problem in which the distribution of offers changes at random time
was introduced in [21]. The author considered the sequence of rewards {G;}? |, n < oo
where distribution of G; changes at random time. The offers have a uniform distribution
before and after the change but the distribution before the change stochastically dominates
the distribution after the change. The goal of the decision is to maximize the expected reward
at all stopping times T with respect to {F;} |, where F; = 6(Gj,...,G;). The paper [21]
was generalized in [17] to the case with imperfect information about the offers. Additionally,
in [17] the asymptotic behaviour of the solution was analysed. One-stopping problem with
reward structures as in the Elfving problem and a change of distribution of offers at random
time was considered in [15]. In [15], at each time it is known if the disorder time has appeared
or not.

In [2] two optimal stopping problems with random number of offers (random horizon)
are considered. In the first one it is assumed that the decision maker has full information
about the random horizon, i.e. at the beginning of the decision process he knows when the
random horizon will appear (in fact he knows how many offers he will receive). In the second
one, the decision maker knows only if the random horizon has already appeared or not. The
author analysed the dependencies between the optimal expected rewards in these problems
and compared the value of the optimal expected rewards for different parameters.

Lately, the detection problem (i.e. the problem in which the objective is to find a strategy
which immediately detects a change of distribution) with Poisson process, also called the
disorder problem, was considered in [3], [20] and [25]. In [25] an extensive bibliography on
the detection problem was presented.

In this paper we present two optimal stopping problems allowing a change of distribution
of offers in the Elfving problem: Problem A, in which we do not have the information about
the time of the change of the distribution of offers and Problem B, in which we have some
knowledge about the disorder time, i.e. we only known if the disorder time has already
appeared or not. In both cases we present differential equations which allow us to calculate
the optimal expected rewards in those problems. The numerical examples are also presented.
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2. FORMULATION OF TWO PROBLEMS

Let (Q,F,P) denote the basic probability space on which all random objects are consid-

ered. Let0 < Ty < T» < ... be the jump times of a homogeneous Poisson process N(t), > 0,
with intensity 1 and 7Ty = 0. Moreover, let {Y,,(l)}jf’: | and {Yn(z) »_, be two sequences of in-
dependent, non-negative random variables (offers) with distribution functions F;, i = 1,2,

respectively. We assume that y; = E (Yl(i)) < oo and Yo(i) =0 for i = 1,2. Furthermore, there
is a given discount function r : [0,0) — [0, 1] such that r is right-continuous, non-increasing,
r(0) =1 and

'/Ow r(s)ds < oo.

Additionally, assume that M is a non-negative random variable (called disorder time) with
distribution function Fj; such that E(M) < eo. We assume that the sequences {Yn(l)

oo
n=1>

{Y,,(z) =, and {T,}>_, are independent and they are independent of M.

We will need some additional technical assumptions. We assume that one of the following
three conditions is satisfied:

(i) Yl(i) has a density f; which is continuous on R except for a finite number of points,
where i = 1,2.

(i) P(Yl(l) =0)=1land?, 1(2) has a density f» which is continuous on R except for a finite
number of points.

i) P/® =0)=1and ¥V has a density f; which is continuous on R except for a finite
1 1
number of points.

Moreover, we assume that the functions r and Fj; are discontinuous at most at a finite num-
ber of points. Let a set {so,...,s¢}, where 0 =59 < 51 < ... <s;_1 <sp=U, k <o and
U = sup{s > 0: r(s) > 0}, contain all points of discontinuity of function r and all points of
discontinuity of function Fj; on [0,U) and points a and Uy, where a = sup{x > 0 : Fj(x)
=0}, Uy =inf{s > 0:r(s) =0},

Fy(s) =1 — Fy(s). We will also use the following notation:
ra(s) = r(s)Fu(s),

where s € [0, 00).

Let us introduce the following o-fields:

Fo=oM vV y® .y
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‘FO = {0’9}’ ‘FDO = O-(UnEN()]:")7
Ghn=0o(Fu,0(l(M >T),....I(M >T,))), n>0,

Geo = 6(Unen, Gn), where I(A) is the indicator function of an event A. Let us also introduce
two sets of all stopping times M and M*, with respect to filtrations {F,}7>_; and {G,}5r_,
respectively. Let M, = {t € M : T >n}and M} = {t € M*: 7 >n}, n> 1. Note that the
considered stopping times can be equal to infinity with positive probability.

Let
G = (R IM > T) + KUM < T)r(T), n>0,

Ge = limsup,,_,., G,. Random variable G, is interpreted as a reward obtained by the decision

maker if the nth offer is accepted. Note that if the disorder time has not appeared yet (i.e.

M > T,), then the value of the offer is equal to Yn(l), otherwise the value of the offer is Yn(2>.

In this paper, we will consider two optimal stopping problems called Problem A and
Problem B. In Problem A we are looking for an optimal stopping time 7; € M/ for the
sequence {G,}:_, and the optimal expected reward E (G, ) i.e.

E(Gq) = sup E(Ge).
TeEM;

In Problem B we are looking for an optimal stopping time 7, € M7 for the sequence
{Gn},_o and the optimal expected reward E(Gz;) i.e.

E(Gr:) = sup E(Gr).
TEM]

Note that we are looking for the solution of the above problems in different sets of stopping
times.

The motivation to consider these two problems is the following observation: it is obvious
that
sup E(Gz) < sup E(Gy). (1)
TeEM| TeM;
Now, the question is: Can the above inequality be replaced by equality? It is obvious that
the answer for this question is yes if P(M = m) = 1 for some m € R or P(M > U) = 1.
In [7] (see also [15] for an alternative proof) it was proven that the answer is also yes if
P(Yl(z) = 0) = 1. Another question is how big is the difference between the values of the
optimal expected rewards in these problems? We will present examples showing that the
difference can be substantial.

Since the case of P(M > U) = 1 (which reduces it to the original Elfving problem) and
the case of P(Y]2 = 0) = 1 (which is the Elfving problem with random horizon) are already
completely solved (see [6] or [4] and [7] or [15]), we will assume from now on that P(M <
U) > 0 and one of the assumptions (i) or (ii) from this section is satisfied. Moreover, if

P!V =0) =1, we put fi(s) = 0 for s € R.
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2.1. PROBLEM A

In this section, we present the solution of Problem A. The problem was formulated in [18]
and is a generalization of the one considered in [11]. The method of solving this problem is
based on [4, pp. 113-118].

For u > 0 define

Gn(u) =Y, rl(u+T)+Yn(2)rz(u+Tn), neNy,
Goo(u) = limsup G, (u).

n—yoo

Let

G, =G,(0), n>0.

Let us note that for u > 0 we have E (X5, Gn (1)) < (U1 + H2) f5" r(u+x)dx < o, hence
Ge(u) = limywGy(u) = 0, and E(sup,~oGn(u)) < . Moreover, note that
E(X2 0Gn) < (U1 + M) [5 r(x)dx < o0, hence Go = lim,, 00 G, =0, and E (sup,,~.o Gn) <
Hence, all considered expectations are well defined. N

In the theorem below we will show that the optimal stopping problem of the sequence
{Gu}7 in the set of stopping times M can be replaced by the optimal stopping problem
of the sequence {G, };_, in the set M.

Theorem 1. In the considered problem we have

sup E(G;) = sup E(G).
TEM, TEM,

Proof. Tt is enough to show that for each T € M/ we have E(G;) = E(G:). Let T € M.
Then

E(G:) =E( Y, Gl(t=n)) +E(G.I(T =c0)) = ilE(Gn]I(r =n)) + E(Gl(1t = =)).

Note that G, is a function of F,-measurable random variables and a random variable M
which is independent of F,,. Hence E(G,I(t = n)) = E(G,I(t = n)) for n € N. Additionally,
we have G.. = 0 and G.. = G..(0) = 0. Hence, we get the assertion. O

To solve the optimal stopping problem for the reward sequence {G,} we will find an op-
timal stopping time 7;(u) € M for the sequence {G,(u)} and the optimal expected reward

E(Gﬁ(u) (u)) i.e.

E(Gr, (1)) = sup E(Ge(u)).
TeEM;

Introducing u in the considered problem allows us to derive a differential equation for the
optimal expected reward.
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Theorem 2. There exists a Borel function'V : ]Rg — Rg such that
E( n+l( )|]:n)* (”+Tn): IZEN(),

where S, (1) = esssup g, E(Gr(u) | Fy), n € No.

Proof. Note that {X, ., Fn '}, Where X, , = (Yn(l),Y,,(z),u +T,), u >0, is a homogeneous
Markov chain. Moreover, G,(u) is a function of X, , only. Hence, using [4, Thms. 4.7 and
5.2] we get the assertion. O

In the theorem below we present the form of the optimal stopping time and the optimal
expected reward for the sequence {G,(u)};_.

Proposition 3. Let u > 0. Then:

(i) The stopping time

7 (u) =inf{n > 1:G,(u) >V (u+T,)} )
is optimal in M for {G,(u)}_.
(i)
sup E(G¢(u)) =V (u). 3)
TEM,

Proof. The first part of the theorem follows from [4, Thm. 4.5’, p. 82] and Theorem 2. The
second one follows from [4, Thms 4.1 and 4.7] and Theorem 2. O

Before we formulate the theorem presenting the distribution function of the random vari-
able T, (), we prove some properties of the function V(u).

Proposition 4. V (-) is continuous on [0,).

Proof. Letuy,uy € [0,00). Using (3) we obtain

[V (u1) = V()| < Sup |E(Gr(u1)) — E(Ge(2)))|

< sup [EQY (r1 (w1 + Te) = ri(ua + Te) |+ sup [EQYE (ra(un +Te) — ra(ur + T)) ).
TeEM, TEM|

For i = 1,2 we have

stj\;/)1 |E( (r,(u1+Tf)fr, uy+Tr)))| < ZE |r, up+1,) —ri(ua +Ty,)))
TE 1

= ui/o |ri(uy +x) — ri(up 4+ x)|dx.
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From monotonicity and boundedness of r; we get
/0 |1 (g +x) = r1 (ug +x)|dx < |uy —us|.
Additionally, from the definition of r, we obtain

[r2(uy +x) — ra(ug + x)]|
= |r(uy +x) — r(up +x) + r(uz +x)Fpr(us +x) — r(ug +x)Fyr(ug +x)|
< [r(un +x) = r(uz +x)[ + |r1 (uz +x) — ri (ur +x)|.

Hence using monotonicity and boundedness of the functions r and r| we get
/ [r2(uy +x) — ra(ua +x)|dx < 2|u; — up|.
0

Therefore,

[V (u1) =V (u2)| < (1 +2p2) |ur — ua|.
Thus, the Lipschitz condition is satisfied. O
Fact 5. V(s) > 0 fors € [0,U). Moreover, if U < oo, then V(s) =0 for s > U; if U = oo, then
im0V (s5) = 0.

Proof. Note that V(s) > E(G(s)) > 0 fors € [0,U). If U < o and s > U, then r(x) = 0 for
x >s, hence V(s) = 0 for s > U. The last part follows from the inequality

V(s) < (1 + o) 7 F(x)dx 0

To find 71 (u) and V (u), u € [0,U), we need to find the distribution of T . Let
Ju(v) = P(Ty ) >v), vE0,).
Fact 6. The function f, is continuous on [0,) and f,(0) = 1.

For x > 0 define
glx,t) = P(Yl(l)m (x)+ Yl(Z)rQ (x) <1).
Then, for x > 0 we have g(x,t) = 0 for t < 0. Moreover, for x > 0 and ¢ > 0,

Fi(50); x€[0,a)V (x =aAFy(a)=0),

glx,t) = 0T)Fz(t_"l(x))fl(s)ds—s—Fz( ! )P(Yl(l) =0), x€ (a,U)V (x=aAFy(a) >0),

r2(x) ra(x)
1, x>U.
“)
Note that 0 < g < U from the assumption of the problem.

In the theorem below we present the form of the tail of distribution of the random variable
T2y (u-
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Theorem 7. Foru € [0,U) the function f,() has the following form:

1 for v<O0,
exp (= i1 = gl V(1)) for vel0,a—u),

fulr) = Sfula—u)exp ( — ufvl —g(t, V(t))dt) for ve[max{0,a—u},U—u),
Su(U —u)exp(U fau —v) for ve|U—u,).

Proof. Before we start the main part of the proof, for x;,xp > 0 and # € R let
g1(x1,x0,1) = P(Yl(])rl(xl) +Y1(2)r2(x2) < t). Note that gj(x;,xp,¢) = 0 for t < 0 and
x1,xp > 0. Moreover, for # > 0 and x1,x; > 0 we have

g](xlax27

r2
= +F2
Fi(;

)

)
2(1 )f1 s)ds
(ztm) :0), x1 > 0A(x2 € (a,U)V (x2 =aAFy(a) >0)),
) ), X1 <UyA(x3 €[0,a)UU,0)V (x3 =aAFy(a) =0),
x1 > Uy A(xy €[0,a)UU,0)V (x2 =aAFy(a) =0)).

~3

—

1

Now we can derive the formula for f,(v). Let u € [0,U). If v < 0, then f,(v) = 1. Now
assume that v > 0. For 4 > 0 we have

fuv+h) =P +P,+ P, )

where
P = ( (,,)>v+h AN(VV+h) )

P, = ( (L)>V+h AN(VV+h)—1)
0<P;<P(AN(v,v+h)>2)=1—(1+h)exp(—h)
and AN(v,v+h) = N(v+h) = N(v). Let Hy = (N (s),s < v ¥, o) v v,
Then
P = P(T; () > v,AN(v,v+h) =0) = P(11(u) > N(v),AN(v,v+h) = 0)
— E(P(11 (1) > N(v), AN (v, ) = 0| #,))
= E(I(71(u) > N(v))P(AN(v,v+ ) = 0)) = exp(—h) fu(v)-
For i = 1,2 define x; and ; such that x; € (u+v,u+v+hl, r;i(x;) = infyeop ri(u+v+x),
% € (u+v,u+v+h] and r;(%;) = sup,c(o  7i(u +v+x). Then
Py = P(Ty, () > v AN(vv+h) = 1, Gy ()1 () <V (u+ Ty 1))

> P(ti(u) > N(v), AN(nv+h) = LYy r (@) + Y0 (i) < inf V(u-+v+2)
xe(0,

= g1(%1,%2, 6ig})fh]V(u+\/er))P(TTl(u) >v,AN(v,v+h) =1)
X B

= g1(¥1, 12, ia)fh]V(u+v+x))hexp(—h)fu(v).
xe(0,
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Similarly, we get

Py < gi(x1,x2, sup V(u+v+x))hexp(—h)f,(v).
x€(0,h]

Hence,

exp(—h)fu(v) = fu(v) + hexp(—h)gi (%1, %2, infec o) V (1 + v+ 1)) fu(v)
h

< Ju(v+h) — fu(v) <
_ exp(—h) fu(v) — fu(v) +hexp(—h)gi (x1,x2,8upc (o V (U +v+x)) fu(v)
- h
1 —exp(—h)(1+h)
p .

Now, we will consider three cases. First, if a > 0 and 0 < u+v < a, then take 7 > 0
such that [u+v—h,u+v+h] C (si,si+1) N [0,a) for some i € {0,1,...,k—1}. Note that
infyc(o V(u+v+x) >0and sup, (o V(u+v+x) > 0. Hence, g is continuous in the con-
sidered interval as a result of selecting x; and X;. Letting /& converge to zero and using the ob-
servation  g(x,r) = gi(x,x,¢) for x > 0 and ¢t > 0 we get
107 = fu(v)(g(u+v,V(u+v)) —1). Similarly, estimating f,(v) with f,(v—h) for A >0
we get £, (v7) = fu,(v)(g(u+v,V(u+v)) —1). Hence,

Ju) = fu)(gu+v,V (u+v)) - 1)

for u+v € (si,5i+1) N [0,a), i € {0,1,...,k— 1}. Solving the above differential equation in
each interval (s;,s;+1) and using the boundary condition f;,(0) = 1 and continuity of f, we
get the assertion in this case.

Now, assume that a < u+v < U. Take h > 0 such that [u+v—h,u+v+h] C (s;,si11)
N]a,U) for some i € {0,1,...,k—1}. As aresult of the selection of u, v, h we obtain that g; is
also continuous in this case. Hence, similarly to the previous case, we get
1) = fu)(glu+v,V(u+v))—1) for u+v € (si,s:41) Na,U), i € {0,1,...,k—1}. If
a > 0, then using continuity of function f, and the formula for f,(v) for u+v € [0,a)
we get the boundary condition f,(a —u). If a = 0, then the boundary condition becomes
fula—u) = 1. Next, we solve the above differential equation with this boundary condition.
Hence, using continuity of function f, we get f, fora <u+v < U.

Now, let us consider the last case. Assume that u+v > U. Take h > 0 such that
u+v—h>U. Note that Ty, >V, s0 u+ Ty, > U. Hence, ri(u+ Tyy)41) =0
and ro(u+ Ty(y)+1) = 0. Therefore, V (u+ Ty(,)41) = 0 and G~N(V)+1 («) = 0. Consequently,
P, = 0. Hence, using (5), similarly to the first case, we get f/(v) = — f,(v). This differential
equation is solved with the boundary condition f,(U — u) given in the second case. O

To find the function V (), we define a function H(x,s) and prove two lemmas.
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For s > 0 and x € [0,00) define

Hx,s) = E((0r1 0+ Y2 r )1 () + ¥ ra(x) > )

and for s € R ‘ '
Hi(s) =E¥1v") > 5)), i=1,2.

Lemma 8. Ler s > 0 and x € [0,0). Then

H(x,s)
rl(x)Hl(ﬁ(x)), x€[0,a)V(x=aAFy(a) =0),
) 1n (r2(0)H2 (5520852 4 ym (s (22 )y
+ra(x)P(YY = 0)H (), x€(a,U)V(x=aAFy(a)>0),
0, x>U.

Proof. Forx € [0,U) and r > 0 we have

S5) f1(rléx))r11x>, x€[0,a)V(x=aAFy(a)=0),
glx,t P prV=0
P (j)fz(t rir(;gx))g((igds—l-fz(rzzx)) (rlz(x) >, x€(a,U)V(x=aNFy(a)>0),
0, x>U.
6)
Therefore,

_ [ 9glxn)
H(x,s)—/t- o dr.

N
Hence, using (6) for x < U and the fact that r; (x) = rp(x) = 0 for x > U we get the assertion.
O

Lemma 9. Foru € [0,U) on the event {Ty,(,) € [0,U —u)} we have

~ H(u+T, (u)vV(u+Tr (u)))
Gy, T (u W) = ' ' .
( ( )| 1( ) al )) 1_g(u+TT](u)aV(u+Trl(u)))

Moreover, if U < oo, then on the event {Tp) € [U — u,»)} we have
E(Gr, ) (u) | 71 (u), Ty, ) = 0.

Proof. First, we prove the first part of the lemma. Let A = {1i(u) = k,T} € C}, where
C: S B(R(T), k € N. ~Let D=CnNn [07U —u) and Zkfl(bt) = {Gl(u) < V(M-I—Tl),
Gy(u) <V(u+1),....Gyr1 <V(u+Ti_1)}. It is enough to show that

H(u,V(u+ Ty @)
Jal _g(uvv(u+Trl(u)))

]I(Tfl(u) S [O,Ufu))dP.
(M

/GT1 o € [0,U —u))aP =
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Using (2), we get that the left hand side of (7) is equal to

E(Gi(u)l(Ty € D, Zy—1 (u), G (1) >V (u+T)))

=E(E(Gy(w)(Ty € D, Z_1 (), Gi(u) > V(u+Ty)) | G1(w),...,Gh_1(u),T1, ..., Ty))
= E(I(Tx € D, Z—1 () E (G (w)L(Gr(u) =V (u+Ty)) | Ti))

=E((Ty € D, Zy—(u))H(u+T;,V(u+Ty))).

Moreover, the right hand side of (7) is equal to

( Hu+T.,V(u+T1))

1—gu+T,V(u+Ty))

:E( ( H(u+T,V(u+Ti))
1 —g(u+ T, V(u+Ti))

LTy € D, 7 1(u), Gelu) = V(u+T5) )

Ty € D, Zx 1 (u),Gi(u) > V(u+Ty))

‘ Gl(u), ...,Gk_l(u),Th ...,Tk)>
E( H (gu( jfkaV‘(/“( :ﬁT)Z))H(Tk €D, 7 1(W)E(U(Gi(u) = V(u+T) | Ti) )

=EHu+T,V(u+Ti)[(Ti € D, Zi—1(u))).

Hence, we get (7).

The second part of the lemma follows from the assumption that r(s) =0 fors > U. [

In the theorem below we present an integral equation satisfied by the function V (u).

Theorem 10. Function V(u) for u € [0,U) satisfies the following equation:
U
Vi) = / H,V () fulv—u)dv. @®)

Proof. Letu € [0,U). Using Proposition 3 and Lemma 9 we get

; H(u+v,V(u+v)) d(l—fu(V))d
/ l—gu+v,V(u+v)) dv b

Hence, using the definition of H(x,s) and Fact 5 we obtain H(u+v,V(u+v)) = 0 for
v > U — u. Therefore, from Theorem 7 we get the assertion. U
In the theorem below we show that the function V (u) is uniquely determined by (8).

Theorem 11. Let V (u) satisfy (8) for u € [0,U), and if U < o, let V(u) = 0 for u > U. Then
V(u) =V (u) for u € [0,00).
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Proof. Let V satisfy the assumptions of the theorem. Define #(u) = inf{n > 1: G,(u) >
V(u+T,)}, u> 0. Following the methods in Theorems 7 and 10 we get

E(Gruy () =V (w). ©)
Note that I(%(u) > 2)E(Gf(u)(u) | F1) =1(G1(u) < V(u+T1))V (u+Ty). Therefore,
V(u) = E(I(T(u) = 1)G1(u) + 1(T(u) = 2)E(Gz(,) (u) | F1))
=E(I(Gi(u) > V(u+T))G1(u) +1(Gi(u) < V(u+T))V(u+T))
= E(max{G;(u),V(u+T))})

1%
1(w) + yara(u),V(u)} for yi,ys,u € [0,00). Hence,
. C

Let  S(yi,y2,u) = max{y
(u). Consequently,

~ 1 2 ~
EG YD ) | F) = V(T,).
Define S, = S(Yn(l),Yn<2>, T,), n € Ny, and S., = limsup,_,.., S,. Then
S, = max{G,,V(T,)} (10)
and
(n+1|]:n): (n) (11)
From (10) we obtain S, > G,,.
Note that V(u) =0 for u > U if U < . Moreover, if U = o, then from (9) we have
V(u) < (1 + w2) f;”r(x)dx. Hence, lim V(u) = 0. Therefore, for U € [0,] we have
U—roo

hm V(T) = 0. Consequently, from the fact that li_r>n G, = 0 and from (10) we have
n—roo
S = lim §, = 0. Additionally, we have V(T,) < (w1 + ) Jo 7(T, + x)dx. Therefore,

n—oo

from (10) for n € Ny we have
S, <G, +V(T,) < ZGH— MH’IJZ)/ r(T,+x)dx=:W. (12)

Note that E(W) < oo. Since S, is F,-measurable, using (12) we get S, < E(W | F,). Hence,
from [4, Lem. 4.9]

Su < S, (13)
where S, = S,(0), n > 0. Additionally, from [4, Thm. 4.6] it follows that {Sn, Futy is
the minimal supermartingale dominating {G,, F,};_,. Moreover, from (10) and (11) we

get that {S,,, 7, }°_, is the supermartingale dominating {G,, 7, }:>_,. Hence, from (13) we
obtain S, = S,,. Therefore, from (11) and Theorem 2 we get

V() =V(T,). (14)

Now, we only need to show that V (u) =V (u) foru € [0,U). Let A = {u € [0,U) : V(u) #
V(u)}. Assume that the Lebesgue measure (1(A) > 0. Then P({w : T,(®w) € A}) > 0, which
contradicts (14). Hence, using continuity of V and V we get the assertion. Note that the
continuity of V follows from (8) and from the fact that the functions H and f,, are bounded.

O
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In the theorem below we show that the problem of finding the solution of integral equation
(8) is equivalent to the problem of finding the solution of differential equation (15).

Theorem 12. Let function V (-) be continuous on [0,0). Moreover, let
o V(u)=0foru>U,ifU < o, and
o lim; o V(s) =0, if U = oo.

Then V(u), u € [0,U), satisfies (8) if and only if

L9 () = 7)1~ g7 (w)) — (¥ (1) (15)

foru€ (si,;sir1),i€{0,1,....k—1}.

Proof. (=) Itis enough to differentiate both sides of (8) with respect to u in each of the inter-
vals (s;,si+1). Then we see that V satisfies (15) in the intervals (s;,s5:11),
i€{0,1,....k—1}.

(<) Assume that V satisfies the assumptions of the theorem and (15) in each of the
intervals (s;,s;41), i € {0,1,...,k— 1}. Define V; () as follows:

U
Vi(u) = / HO, V) Ju(v—wdv for ue[0,U) (16)
and if U < oo, then V; («) = 0 for u > U, where
1 for s<0,
i exp ( e g(t,V(t))dt) for se[0,a—u),
fuls) = fula—u)exp ( - ufﬂl —g(t,V(t))dt) for se€ [max{0,a—u},U—u),

FulU —u)exp(U —u—ys) for s€[U—u,0o).
IfU < oo, then V() =V (u) = 0 for u > U (Fact 5). If U = oo, then li_>m Vi(s) = li_>m V(s)=0
S—>o0 §—»00

(Fact 5). Hence, we need to show that V; (u) = V(u) for u € [0,U). Differentiating (16) in
each of the intervals (s;,s;11) we get

%Vl(u) =Vi(w)(1—g(u,V(u))) — H(uV(u)).

Hence, ~
A=V _ (1 70 (Vi ) — ¥ ).

Assume that Vi (ug) # V(u) for some ug € (sx—1,U). Let uy = inf{s € (u,U) : Vi(s) =

V(s)}. If such u; does not exist, we take u; = U. Hence, for u € (ug,u)

In|Vi(u) =V (u)| = In|Vi(uo) — V (uo)| + /u:(l —g(t,V(r))dr. (17)

Note that limy—,, In|V; (u) — V(u)| = —co while for u — u; the right hand side of (17) is
finite. From the contradiction we get Vi (u) = V(u) for u € (sz_1,U). Using continuity of
functions V; and V we get Vi (u) = V(u) for u € [s;_1,U]. Using recursion we show that
Vi(u) = V(u) in each of the intervals [s;,s;11],i=k—2,...,0. 0
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2.2. PROBLEM B

The presented problem can be found in [15] (see also [13]).

In this section we additionally assume that Uy, < co. Moreover, we assume that if Yl(l) =0,
then Fjy is increasing on (ug, Uy ), where ug € [0,Uy) or Uy < U. Let {5, 51,...,5;}, where
0=35) <38 <...<8§_, <8 = U, contain all points of discontinuity of the function r.
Moreover, let {ag,ai,...,a;}, where 0 = ag < a; < ... < aj—; < a; = Uy, contain all points
of discontinuity of function r on [0,Uy] and points of indifferentiability of Fs on [0, Up].
We assume that k < oo and [ < oo,

Theorem 13 ([4]). There exists exactly one function Va(+) satisfying the following differential
equation:

V(1) = Faau) Valt) — ) (o), 1s)

in each of the intervals (5;,5i11),1i € {0,...,k—1}, such that V»(u) is continuous for u € [0,U]
and

lim V; =0
LlLI;Ig/ Z(M) ’
where W
Va(u)
=4 > <Y
0, u>U.

)

~_; in the

Note that V,(0) is the optimal expected reward for the sequence {Yn(z)r(T,,)
original Elfving problem.

In all theorems below we assume that V,(+) is as in Theorem 13.

In the first part of Theorem 14 we introduce a function V; (u, 1) which is uniquely deter-
mined by differential equation (19). Both V;(u, 1) and V(u) are used in the second and the
third part of the theorem to compute the optimal expected reward and the optimal stopping
time for the sequence {G,};;_, in the set of stopping times M.

Theorem 14 ([15]). (i) There exists exactly one function Vi (-,1) satisfying the following
differential equation:
dFM(u)
du

L RV 1)) +

o Va(u) = Fir () (Fi (y1 (e, D)Va (1, 1) = r(a) Hy (1 (w,1)))

19)

in each of the intervals (aj,aiy1), i € {0,....,1 — 1}, such that
Fy(u)Vy (u, 1) + Fy(u)Va(u) is continuous for u € [0,Uy] and

limi FM(M)Vl (u, 1) = Vz(UM)P(M = UM)7 (20)

u—Uy,

where for u € [0,Uy)
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(if) The optimal expected reward for the sequence {Gy};_, has the form

S%JI*E(GT) =V1(0, 1)F(0) +V2(0) Fy (0).

(iit) An optimal stopping time in M for the sequence of rewards {G,}_, has the form
o =inf{n > 1: (M > T, %" > 31 (T,, 1) or (M < T, %7 > 30(T3)}-

Note that the optimal stopping time in M for the sequence {G,} has the following inter-
pretation: assume that we are at the time of the arrival of the nth offer. If the disorder time M

has not appeared yet (i.e. M > T,,), then we stop if the value of the offer Y,,(l) is greater than
or equal to y; (7y,, 1); if the disorder time has already appeared (i.e. M < T,,), then we stop if

the value of the offer Yn(z) is greater than or equal to y,(7},).

Let us present the solutions of two special cases of the problem. The first one is called the
optimal stopping problem with random starting time.

Theorem 15 ([10]). If P(Y\") = 0) = 1, then
U Unm
sup E(Ge) = [ r0H () fodv— [ n () a2
TEM] 0 0
where )
£o0) =12 0)+ [ BaOF2(0)£7 (0= 1)as

and

flgz) (v) =exp (— /uu+vF2(y2(s))ds).

Now, we will present the second special case of the problem, i.e. the case when M has
a discrete distribution.

Theorem 16 ([15]). Assume that r(s) =1(s € [0,U)), U < o, and P(M = a,) = p,, where
0<ay<ay<ay<...andy, opn=1.ThenV\(u,1) is uniquely determined by the follow-
ing conditions:

(i) In each interval (aj,aiy1),i € {0,1,...,1— 1}, the function V| (-, 1) satisfies the differ-
ential equation

%WMU=EMMDMWM—MMWM)

(ii) Ey(u)Vi(u,1) + Fy(u)Vo(u) is  continuous  for u € [0,Uy] and
hmsﬁUA} V] (S,l) ZVQ(UM).



136 Anna Krasnosielska-Kobos, Alicja Ochedzan

3. EXAMPLES

In all the examples below we assume that

(s) = 1, s<10,
"= 0, s> 0.

Hence, U = 10. Moreover, we assume that Yl(z) has the exponential distribution with pa-
rameter 3, > 0. Then F»(x) = 1 —exp(—px) for x > 0 and F>(x) = 0 for x < 0. Moreover,
Hy(x) = (x+ é) exp(—fPax) for x > 0 and Hy(x) = i for x < 0. Hence, (18) has the form

d‘;zb(lu) = —éexp(—ﬁsz(M))-

Solving the above differential equation with the boundary condition V,(U) = 0 and using
continuity of V, we get

Vz(u):éln(l—ﬂ—U—u), u € [0,U]. 21

o

Note that V,(0) is the optimal expected reward for the sequence {Yn(z)r(Tn) » o in the
original Elfving problem.

To simplify the notation in all the examples below we will write A = sup \, E(G¢) and
B = sup e v: E(Gr).

Example 17. Let Y1<1> have the exponential distribution with the parameter B > 0. More-
over, let M have two point distribution, i.e. P(M =m;) =p, PIM =my) =¢q, g=1—p,
where 0 < m; <my < U and p € (0,1). First, let us find the optimal expected reward in
Problem A. Note that a = m. We consider two cases. First, assume that qf, — pB; # 0.
Then, using the definition of ry and ra, we get that for u € [0,U)

F(V(u)), 0<u<my,
g(u,V(u)) = qul,,gl(CIﬁzFl (VE]")) *Pﬁle(Vﬁ,u))), my < u<my,
E(V (1)), my <u<U
and
Hy(V(u)), 0<u<my,
H(u,V(u)) = qﬁzlpﬁl (4BaH (Vg")) —P231H2(V§,">)), my < u <my,
Hy(V(u)), my <u<U.

Hence, if g3, — pPB1 # 0, then the function V (u) satisfies

[ APV 0<u<m,
u) _ 1 B _ BV _ B _Bvw
du ) Ba—rB (W’exp ( p ) ﬁlz exp( 1 q ))’ mp <u<m, (22)

~ 4 exp(~BaV (), m <u<U.
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The above differential equation should be solved numerically in consecutive intervals:

(ma,U), (my,my), (0,my). Let u € (mp,U). Solving the above differential equation we get

V(u) = [3121n( + U —u) for u € (my,U). Now, using continuity of V we obtain

V(mp) = B LIn(1 4 U —my). So we solve (22) for u € (my,my) with boundary condition

V(mp) = é n(1+U —my). Hence, we get V(my), which is the boundary condition for (22)
(0

when u € (0,m). Hence, for u € [0,m] we get

V() = im (exp(BiV(m)) +m —u).

Therefore, if gy — pB1 # 0, then the optimal expected reward in Problem A is equal to
A=V(0) = g In(exp(BV (m1)) +my).

Now, assume that qf, — pPp1 = 0. Then

Fi(V(u)), 0<u<my,
g, V(w) = PR (M) oy <u<my,
F(V(u)), my <u<U
and
Hy(V(u)), 0<u<m,
H(u,V(u) = W%(@) + ﬁ 2 (@) +qH, (VE;)L myp <u<my,
Hy(V(u)), my <u<U.

Hence, if gB2 — pB1 = 0, then the function V (u) satisfies:

_BL xp(—=BiV (1)), 0<u<m,
av(w) | V=B (v )+ f) R (M)
du (ﬁz+ +V(u ) (Vflu), myp <u<my,
— 5 exp(— BzV( ), my <u<U.

The above differential equations can be solved in the same way as equation (22). Note that

A=V(0).

Now, let us find the optimal expected reward in Problem B. Note that Uy = my. From
Theorem 16(i), we get that in each of the intervals (0,my) and (my,my) the function Vy(-,1)
satisfies

dVl (u, 1) 1
—_— = —BiVi(u,1)). 23
I 5 exp(—piVi(u,1)) (23)
Solving the above differential equation with boundary condition

Vi(ma, 1) =Va(my) = ﬁl In(14U —my) we get that for u € (my,my)

By
Vi(u,1) = ln((l—i—U—mz)ﬁZ +m2—u).

b
B
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Hence, using continuity of the function Fy(u)V(u, 1) + Fy(u)Va(u), we obtain the following
boundary condition:

B
lim Vi(u,1) = 91y ((l—i—U—mz)ﬁz +m2—m1) +£ln(l+U—m1).
u—rmy Bl ﬁZ

Solving (23) with the above boundary condition we get for u € (0,m;)

Vi(u,1) = Eln(ml—o—((l—l—U—mz)%—l—mz—ml) (1+U - ml)pﬁz1 —u)

Hence, using Theorem 14 and the fact that Fy(0) = 0, we get that the optimal expected
reward in Problem B is equal to

By q By
B=V(0,1) = Eln(ml—i-((l—}—U—mz)‘}l%—mz—ml) (1+U—m1)ﬁ2)-

The numerical comparison of the optimal expected rewards in Problems A and B is pre-

sented in Table 1. We assume that p = % in the comparison.

Table 1
Numerical results for Example 17

no. | B | B | m | mo |y | o | Var(m A B B2 .100%
1 [107T 1 1 9 10| 1 16 14.2747 | 14.7692 3.46 %

2 | 107! 1 2 8 10| 1 9 15.7129 | 16.0490 2.14 %

3 107! 1 3 7 10| 1 4 16.8655 | 17.0796 1.27 %

4 | 107! 1 4 6 10| 1 1 17.7459 | 17.8571 0.63%

5 1 1 1 9 1|1 16 1.2883 | 2.3979 86.14 %
6 1 1 2 8 1 1 9 1.5318 | 2.3979 56.54%

7 1 1 3 7 1 1 4 1.7279 | 2.3979 38.78%
8 1 1 4 6 1] 1 1 1.9024 | 2.3979 26.04%

9 1 1 499 1501 || 1 1 10~ 2.3821 | 2.3979 0.66%
10 1 10°1 ] 0.1 | 99 1 10| 21.34 | 8.6942 | 9.6407 10.89 %
11 1 107! 1 9 1110 16 12.7818 | 14.9826 17.22%
12 1 107! 2 8 1110 9 13.7577 | 16.4792 19.78%
13 1 107! 3 7 1110 4 15.0886 | 17.3287 14.85%
14 1 107" 4 6 1110 1 16.5202 | 17.7767 7.61%

Let us analyse the numerical results presented in Table 1. Note that in the table we chose
my and my in such a way that E(M) =5 = LU. First of all, note that the optimal expected
rewards in Problems A and B are different and A < B even for By = B, = 1 (lines 5-9). It
means that the optimal expected reward in Problem A is smaller than the optimal expected
reward in Problem B (for considered parameters), even if the distribution of offers does not
change at the disorder time. Moreover, for B = B, = 1 we get that the optimal expected
reward in the original Elfving problem (see (21)) is equal to V»(0) =1n(11) = 2.3979 = B,
so it is also equal to the optimal expected reward in Problem B, while A < V,(0). Now look at
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the last column in the lines 10-14. We can see that there is no relation between the variance
and percentage difference between the optimal expected rewards in both problems. We see
that the optimal expected rewards in Problem A in lines 1-4 are greater than the optimal
expected rewards in Problem A in lines 11-14 for the same my and my. This observation
suggests that in Problem A the case when we obtain offers with larger expectation (L1 = 10)
before the disorder time and offers with smaller expectation (ly = 1) after the disorder time
is more profitable (gives larger optimal expected reward) than the case when we obtain
offers with expectation Wy = 1 before the disorder time and U, = 10 after the disorder time.
Such a situation does not take place in Problem B (see lines 3 and 13). Finally, note that
the difference in the optimal expected rewards in Problems A and B can be as big as 86%
(see line 5), which shows that in general we should not approximate one problem by the
other. Therefore, it is important to have the explicit solution of each of these problems.
Such a substantial difference in the optimal expected rewards also shows how important the
information of the disorder time is and how this information can change the optimal expected
reward, for example from selling a commodity.

Example 18. Let Ylm be as in Example 17. Moreover, let M has the exponential distribution
with parameter & > 0. Hence, U = Uy and a = 0. First, note that for u > 0 we have

Bori(u) — Bira(u) =0 if u= lln(ﬁll;rﬁz)oru>U Note that Sln(ﬁll;rﬁz) > 0. Hence, using

identity (4) for u € [0,min{§ ln(ﬁ‘l;rﬁz) U}) and u € (min{; ln(ﬁ‘l;rﬁz) U},U) we obtain

glu,V(u))=1 —exp(—ﬁlil‘zl(s))

Bira(u) BV (u) B2V (u)
i pr P (- ey ) e (- o))

and

H(u,V(u)) = (’2(”) 1V (u) 0
B

! (V(u) i rﬁt))ﬁzrl (ﬁl)ri(gfm( )> eXp( ﬁl‘z(l)l))

- (V(u) " rﬁt) ) Bar (l'i])ri(gfrz( ) ( )

Therefore, using Theorem 12 we get that the function V (u) for u € (O,min{% ln(ﬁ‘glﬁ2 ), U})
and u € (min{%ln(ﬁ';lﬁz),U},U) satisfies

V() _ Fulw) | Fulu) B1 (Fu(1))? BV ()
el B B +ﬁz(ﬁ2FM(u)*ﬁ1FM(u)))exp(_ qu))
Bi(Fy(u))? B2V (u)
BB @ P Ry 9
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If %ln(%) > U we solve the above differential equation in the interval (0,U) with the
boundary condition V(U) = 0. Otherwise, we solve the above differential equation in the
interval (% ln(%), U) with the boundary condition V(U) = 0. Next, we use continuity of

V(u) atu= %ln(%) to find the solution of (24) for u € [O,%ln(%)).

Now, we present the solution of Problem B. Note that using (19) we get that for u € (0,U),
Vi(u, 1) satisfies
% = —%eXp(—ﬁ]V] (u, 1)) + 5V| (u, 1) — %hl(l +U — u).
We solve the above differential equation with the boundary condition given in (20). In our
example, the boundary condition has the form: V1(U,1) = 0. Moreover, note that Fy;(0) = 0,
hence the optimal expected reward in Problem B is equal to B = V1(0,1).

The comparison of the optimal expected rewards in both problems is presented in Table 2.
In the table, we chose 8 such that E(M) is equal to 1,5 and 9.

Table 2
The numerical results for Example 18

Bi | B | & A B E2.100%
o 1 1 6.6320 | 7.2001 8.57%
100 1 |51 13.6176 | 14.1051 3.58%
100 1 971 16.5869 | 16.9666 2.29%
1 1 1 22817 | 2.3979 5.09%
1 1 |51 20571 | 2.3979 16.57 %
1 1 |97t 2.0806 | 2.3979 15.25%
1 107 1 | 22.0662 | 22.9653 4.07%
1 10°! | 571 || 147837 | 16.8374 | 13.89%
1 10°1 | 91 || 10.7414 | 12.5211 16.57%

The expected optimal rewards in both models are different, even for B = . More pre-
cisely, in the considered cases we have A < B. However, the difference is not as big as in
Example 17.

Example 19. Random starting time. Let P(Yl(l) =0) =1, B2 = 1. Additionally, assume that
M has the exponential distribution with parameter 8 > 0. Hence, a = 0 and Uy = U. Using
(4) we get that for u € [0,U)

(YN _ o V(
g,V (u)) 7F2(r2(u)) =1 exp( 1—exp(—5u))'
Moreover, from Lemma 8 we obtain that for u € [0,U)

H(w,V (1) = rz(u)Hz(V(u))

rz(u)

=1 —exp(—&t))(l +$126u)> exp (— %)
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From (15) it follows that for u € (0,U) the function V (u) satisfies the differential equation
d V(u)
EV(u)=—(1—exp(—& (f 7)
GV 0=~ —ep(=8u) exp (— s

with the boundary condition V(U) = 0. The differential equation should be solved numeri-

cally. Let us recall that the optimal expected reward in Problem A is equal to A = V(0).

To find the optimal expected reward in Problem B note that using Theorem 15 we obtain

) 71+U—u—v
F) = 14U —u
Hence, 5)
14U — exp(—dt
(1+U - drt.
folv) = 1+U * )/ (1+U—
Therefore,
U
exp
B=[(1+In(1+U— )d
0/ Fin(l+ 1+U +U—t v
U
~ [exp(—dv)

1+In(1 — .
1+U—v( +In(1+U —v))dv

The numerical comparison of the optimal expected rewards in Problems A and B is pre-
sented in Table 3.

Table 3
Numerical results for Example 19

5 A B BE2.100%

10 23795 | 2.3887 0.39%

1 22037 | 2.2965 4.21%
571 || 1.4543 1.6717 14.95 %
1071 | 09615 1.1366 18.17%
1072 | 0.1298 | 0.1574 21.32%
107° || 0.000013 | 0.000016 | 21.77%

Note that the optimal expected rewards in both problems increase as 8 increases (equiv-
alently E(M) decreases). Moreover, the larger 8, the smaller the percentage difference be-
tween the optimal expected rewards. In all considered cases we have A < B.
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1. INTRODUCTION

Ordered algebras such as Boolean algebras, Heyting algebras, lattice-ordered groups and
MV-algebras played a decisive role in logic, both as the models of theories of first (or higher)
order logic, as well as the algebraic semantics for the plethora of non-classical logics emerg-
ing in the twentieth century from linguistics, philosophy, mathematics, and computer sci-
ence. For example, lattice-ordered groups play a fundamental role in the study of algebras of
logic, while MV-algebras are the algebraic counterparts of the infinite-valued Lukasiewicz
propositional logic.

Another important and widely investigated class is given by quantales [25, 26] - complete
semilattices with an additional associative multiplication that distributes over arbitrary joins.
They were introduced in the 1980s as a non-commutative generalization of locales, to cap-
ture the non-commutative logic arising in quantum mechanics. Quantales are examples of
semilattice ordered algebras (SLO algebras, for short) which we discuss in this paper.

In the series of papers [17]-[21] we investigated SLO algebras (4,Q, <), where (A4, <) is
a (join) semilattice, (A, Q) is an algebra (where Q is a set of operations of any finitary positive
arity, and, moreover, Q is not necessarily finite) and each operation from Q distributes over
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the join. Obviously, examples are provided not only by already mentioned quantales or well
known additively idempotent semirings [3, 7, 27]; SLO algebras are much more general
structures. The basic role in the theory was played by extended power algebras of non-
empty subsets and extended algebras of (non-empty) subalgebras. The main aim of the
present paper is to describe the properties of SLO algebras with constants, i.e. we allow
operations of the arity equal to zero (or in the case of power constructions we allow the
empty subset and the empty subalgebra). We study the relations between the SLO algebras
with the signatures including and excluding constants. Our motivation is very natural and
came from applications in logic, where constants 0 and 1 play a significant role. Similar
research in case of commutative doubly-idempotent semirings has been recently described in

[1,3].

The paper is organized as follows. In Section 2 we provide basic definitions, results and
examples concerning semilattice ordered algebras with and without various types of con-
stants in the signature. In Section 3 we investigate identities satisfied by SLO algebras and
we present a necessary and sufficient condition for a SLO algebra to satisfy some non-linear
identity. In Section 4 we describe the free objects in an arbitrary variety S of semilattice
ordered algebras (with various types of constants in the signature) and in the quasivariety
of Q-subreducts of SLO algebras in S. In Section 5 we apply the results to some particular
idempotent varieties of SLO algebras.

2. SLO ALGEBRAS

Let U be the variety of all algebras (A, Q) of a (fixed) finitary type 7: Q — NT and let
V C O be a subvariety of U. In [20] we introduced the following definition of a semilattice
ordered algebra.

Definition 1. An algebra (A,Q,+) is called a semilattice ordered V-algebra (or briefly
semilattice ordered algebra) if (A,Q) belongs to a variety V, (A,+) is a (join) semilattice
(with semilattice order <, i.e. x <y < x+Yy =y) and the operations from the set Q distribute
over the operation +, i.e. for each n-ary operation ® € Q, and xy,...,X;,Yi,...,Xn €A

OX] . Xt Yige ooy Xn) = O],y Xy X)) F OXL oy Vige ey Xn)

forany 1 <i<n.

Definition 1 can be also formulated for semilattice ordered algebras with constants. Such
constants may be of two types. The first one may consist of some special elements in the
semilattice (A,+) and the second one may refer to the algebra (A,Q) € V. In particular,
we can consider semilattice algebras with neutral element with respect to the operation + or
with unit elements with respect to operations in Q.
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Definition 2. An algebra (A,Q,+,0) is called a O-semilattice ordered V-algebra if
(A,Q,+) is a semilattice ordered V-algebra, (A, +,0) is a semilattice with the least element
0 and for each ® € Q and xy,...,X;,...,x, €A

X1,y Xiye oy Xy) =0
whenever there is 1 <i < n such that x; = 0.

Definition 3. Let A be a non-empty set and let n be a positive integer. An element oL € A is
called a unit for an n-ary operation @: A" — A if for everyx € A

ox,a,...,a)=o(o,x,a,...,a)=...= o(a,...,0,x) = x.
We say that o is a unit for an algebra (A, Q) if it is a unit for each operation @ € Q.

Remark 4. Ler (A,Q) be an algebra. Denote by & the set of all units for (A, Q). If there is a
binary operation in Q then |E| < 1, but in general 0 < |E| < |A|. In this paper we assume that
whenever a unit exists it is unique, i.e. we consider algebras (A,Q, @) of a (fixed) finitary
type T: QU{a} — N with the unit € E. We denote this unique unit by 1.

Let U; be the variety of all algebras (4,9, 1) of a (fixed) finitary type 7: QU {1} - N
with the unit 1 and such that (A, Q) € U and let V; C U be a subvariety of Uj.

Definition 5. An algebra (A,Q,+,1) is a semilattice ordered V:-algebra with a unit 1 if
(A, Q,+) is a semilattice ordered V-algebra and 1 is a unit for (A, Q).

Note that we do not assume that 1 is the greatest element in the semilattice (A, +).

Definition 6. An algebra (A,Q,+,0,1) is a O-semilattice ordered V,-algebra with a unit if
(A,Q,4,0) is a O-semilattice ordered V-algebra and 1 is a unit for (A, Q).

A direct consequence of distributivity is that in a semilattice ordered algebra (A, <, +) for
each n-ary operation @ € Q and x;; € Afor 1 <i<n, 1< j<r we have

w(xllv'"’xnl)+"'+w(x1r7"'7xnr) (1)
<O+ Xy Xgl e X))

It is also easy to notice that in semilattice ordered algebras all Q-operations are monotone
with respect to the semilattice order <. Namely if x; <y; € A for each 1 <i < n, then

w(xh"'axn)Sw(ylv"'yyn)' (2)

This means that such algebras form a subclass of a class of ordered algebras in the sense
of [4] (see also [5] and [2]). Basic examples are given by additively idempotent semirings,
distributive lattices, semilattice ordered semigroups [6], semilattice ordered idempotent, en-
tropic algebras (modals) [17], extended power algebras [20] or semilattice modes [13].

We start with a few natural examples of semilattice ordered algebras.
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Example 7. Semilattice ordered semigroups. An algebra (A,-,+), where (A,-) is
a semigroup, (A,+) is a semilattice and for any a,b,c €A, a-(b+c¢)=a-b+a-c and
(a+Db)-c=a-c+b-cis asemilattice ordered semigroup. In particular, semirings with an
idempotent additive reduct ([27], [16]), dissemilattices (called also --distributive bisemilat-
tices in [15]) - algebras (M, -,+) with two semilattice structures (M,-) and (M,+) in which
the operation - distributes over the operation +, and distributive lattices are semilattice or-
dered §G-algebras, where SG denotes the variety of all semigroups.

Another important class here is given by quantales [25, 26], i.e. semilattice ordered
semigroups (A,-,+), where (A,+) is a complete semilattice and the operation - distributes
over arbitrary joins.

Example 8. Extended power algebras of algebras. [20] For a given set A denote by PA
the family of all subsets of A and by P~oA the family of all non-empty subsets of A. For any
0 # n-ary operation ®: A" — A we define the complex operation ®: (PA)" — PA in the
Jollowing way:

w(Al,...,A,,) = {a)(al,...,an) ‘a,’GAi}, 3)

where 0 # Ay,...,Ay CA and
a)(Al,...,An) = 07

if there is A; = 0 for some 1 <i<n.

The set PA also carries a join semilattice structure under the set-theoretical union U. In
[11] B. Jénsson and A. Tarski proved that complex operations distribute over the union U.
Hence, for any algebra (A,Q) € U, the extended power algebra (P-oA,Q,U) is a semilat-
tice ordered U-algebra and the 0-extended power algebra (PA,Q,U,0) is a 0-semilattice
ordered G-algebra.

Notice that the algebras (P<“A,Q,U,0) and (PS°A,Q,U) of all finite (non-empty) sub-
sets of A are subalgebras of (PA,Q,U,0) and (P-oA,Q,U), respectively. Moreover, the
power algebra of all subsets of A can also be viewed as the Boolean algebra
(PA,U,N,—,A,0,Q) with operators Q. This concept was introduced and studied by B.
Jénsson and A. Tarski [11, 12].

Example 9. Extended power algebras of algebras with a unit. Let (A, Q, 1) be an algebra
with the unit 1 € A. It is clear that for any non-empty subset X C A and n-ary operation
weD

O({1}- . X A1) ={0(1, 31, 1) [ € X} = (x| € X} =X.

1

Then the algebra (P-0A,Q,U,{1}) is a semilattice ordered algebra with the unit {1} and
the algebra (PA,Q,U,0,{1}) is a 0-semilattice ordered algebra with the unit {1}.

For a semigroup (4, ) its @-extended power algebra (PA,-,U,0) is a basic example of
aquantale. Similarly, the @-extended power algebra with a unit (PA, -,U, 0, {1}) for a monoid
(A,-,1) is a unital quantale.
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An algebra (A,Q) is idempotent if each singleton is a subalgebra, i.e. for every n-ary
operation € £ and x € A the following identity is satisfied:

o(x,...,x)=x.

A variety V of algebras is called idempotent if every algebra in V is idempotent.

An algebra (A,Q) is entropic if any two of its operations commute. This property may
also be expressed by means of identities: for every m-ary @ € Q and n-ary ¢ € € operations
and X{1,...,Xnl,- s X1y -y Xnm €A

w((P(xlla' . 7-xnl)a' "a(p(xlma' . axnm)) =
(p(a)(x”,...,xlm),...,a)(x,,l,...,xnm)).

Remark 10. [f there is a unit 1 in an entropic algebra (A, Q) then the algebra is symmetric,
i.e. for every n-ary operation @ € Q and xy,...,x, € A the following identity holds:

X1, Xn) = O(Xg(1),- -+ X ()
for each permutation 7 of the set {1,...,n}.

Example 11. Modals. A modal (M,Q,+) is a semilattice ordered algebra in which the
algebra (M, Q) is idempotent and entropic. Examples of modals include semilattice ordered
semilattices (dissemilattices) and the algebra (R,I°, max) defined on the set of real numbers,
where I° is the set of the binary operations:

P:RXR—=R, (x,y) = (1—p)x+py,
foreach p € (0,1) CR.

Idempotent and entropic algebras (called modes) and also modals were introduced and
investigated in detail by A. Romanowska and J.D.H. Smith ([22]-[24]). In particular, they
showed that for a given idempotent and entropic algebra (M,Q), the sets S=o(M) of non-
empty subalgebras and P~o(M) of finitely generated non-empty subalgebras under the com-
plex operations @ € Q and ordered by set-theoretic inclusion are modals. In the case we
allow empty subalgebras, one obtains 0-semilattice ordered modes: (S(M),Q,U,0) and
(P(M),Q,U,0).

If a modal (M, Q. +) is entropic, then it is an example of a semilattice mode. Semilattice
modes were described by K. Kearnes in [13].

3. IDENTITIES IN SLO ALGEBRAS

As we will see in Section 4 the extended power algebras of algebras and their Q-reducts
play a special role in the context of semilattice ordered algebras. Let us recall some funda-
mental results referring to such algebras.
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Let V C © be a variety of algebras and let
VY :=HSP({(PA,Q) | (A,Q) € V}) and
VE-o:=HSP({(P=04,Q) | (A,Q) € V}).

Let us consider their subvarieties

VE<® .= HSP({(P<"A,Q) | (A,Q) € V}) and
VESG = HSP({(PZ5’A, Q) | (4,Q) € V})
of power algebras of finite subsets.

We call a term ¢ of the language of a variety V linear, if every variable occurs in ¢ at most
once. An identity # = u is called linear, if both terms ¢ and u are linear.

Note that the definition (3) of a complex operation extends to each linear derived operation

I(Al,...7An) ::{t(al,...7an)\ai€Ai}. 4)

Each non-linear term ¢ can be obtained from a linear one ¢* by identification of some
variables. Let 1*(x11,..., X1k, - - »Xml,-- - Xk, ) be a linear term such that
*
F(X1y e e ey Xim) =1 (X1 ooy X0 ye ey Xy e vy X)) -
—— ——
ki —times ky—times

Then for any subsets Ay, ..., A,

{t(ay,...,am) |a; € Ai} Ct(AL,...,An)
= {t*(an,...,alkl,...,aml,...7amkm) |aij EA,‘}
:t*(A17...7A1,...7Am,...7Am).
—_—— —_——

ky—times ky—times

G. Gritzer and H. Lakser proved in [8] that for any subvariety )V C U the following result
holds.

Theorem 12 ([8, Theorem 1]). Let V be a variety of algebras. The variety VX~ satisfies
precisely those identities which can be obtained from the linear identities true in V through
identification of variables.

Corollary 13 ([19]). Let V be a variety of algebras. The varieties VX~ and VZ;S’ coincide.

An identity ¢ ~ u is called regular if the set of variable symbols occurring in ¢ equals the
set of variable symbols occurring in u. The following results are analogues to the ones above
formulated for varieties of power algebras including the empty set.

Theorem 14 ([8, Theorem 2]). Let V be a variety of algebras. The variety V¥ satisfies
precisely those regular identities which can be obtained from the linear identities true in V
through identification of variables.
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Corollary 15. Let V be a variety of algebras. The varieties V¥ and VE<? coincide.

Corollary 16 ([8, Corollary 2],[21, Theorem 4.6]). Let V be a variety of algebras. Then
V =VESE ifand only if V is defined by a set of linear identities and V = VE<? if and only
if V is defined by a set of linear regular identities.

Let (A,T’) be an algebra of a given type 7 : I' — N. Denote by BI a set of derived (or
term) operations of I" and let Q C BI. An algebra (A,Q) is said to be a reduct (Q-reduct)
of the algebra (A,T"). A subalgebra of a reduct of (A,T) is called a subreduct.

Let (A,Q,+) be a semilattice ordered algebra generated by a set X C A. Denote by
((X)0,Q) the subalgebra of the Q-reduct (A,Q) generated by the set X. The algebra
((X),Q) contains all elements from (A, €, +) obtained as results of derived (or term) op-
erations from Q on the set X. We will call it the full Q-algebra subreduct (of a semilattice
ordered algebra (A,Q,+)) relative to X.

An element r € A is said to be in disjunctive form if it is a join of a finite number of
elements from their full Q-subreduct (X)gq.

The following theorem shows that each element in a semilattice ordered algebra may be
expressed in such form.

Lemma 17 (Disjunctive Form Lemma). Let (A,Q,+) be a semilattice ordered algebra gen-
erated by a set X C A. For each r € A, there exist r,...,r, € (X)q such that

r=ri+...+rp.

Proof. The proof is done by induction on the minimal number m of occurrences of the semi-
lattice operation + in the expression of r as a semilattice ordered algebra word in the alpha-
bet X.

Consider r = r with r; € (X)q. Hence, the result holds for m = 0.

Now suppose that the hypothesis is established for m > 0 and let » € A be an element in
which the semilattice operation + occurs m + 1 times. Let r = r| + r», for some r,r; € A.
By induction hypothesis there are rii, ..., g, 721, ..,72, € (X)q such that

r=ri+mrn=ry+...+rg+trn+...+rn,.

Otherwise, r = @(r1,..., /g + Sk, ..., ) for some @ € Q and ry,...,r, ..., 7,8 € A. Then,
by distributivity we have

F=O 1, Tt Sty ooy Tn) = O oo Ty ooy 7n) F O(F 1y ooy Sky e e ey T)-
Because O(r,. ..y kyeeesTn), O(F1, ... Sk, 1) € A, this completes the proof. O

Corollary 18. Let (A,Q,+) be a semilattice ordered algebra generated by a set X C A.
There is a set Y C A of generators of the semilattice (A, +) such that Y C (X)q.
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Let SV denote the class of all semilattice ordered algebras such that for each
(A, Q,+) € SV there exists a set of generators such that their full Q-subreduct lies in V.

Theorem 19. Let V be a variety of Q-algebras satisfying an identity t =~ u for some 0 # n-ary
terms and let S C SV be a variety of semilattice ordered algebras (A,Q,+) such that the
word operation t : A" — A distributes over the operation +.

Then the identity t ~ u is satisfied in S if and only if the word operation u : A" — A
distributes over the operation +.

Proof. Let (A,Q,+) € S C SV and let the word operation ¢ : A" — A distribute over the
operation +.
Because the variety S is, by assumption, included in SV, there exists a set X of generators

of (A,Q,+) such that its full Q-algebra subreduct relative to X belongs to the variety V.
Hence, the identity ¢ =~ u is also true in ((X)gq, Q).

First, suppose that the word operation u : A" — A distributes over the operation + and let
r1,...,ry € A. By the Disjunction Form Lemma 17 there exist r11,..., ks Tnls- - Tnk,
€ (X)q such that for each 1 <i <n, r; =rj;+...+ry, Then, by distributivity of operations
t:A" —+Aandu:A" — A we obtain

Z(I’l,...,rn) :t(rll+~-~+rlk17--->rnl+-~-+rnk,,) =
Z t(alv“*:an): Z u(a17...7an):
1<i<n 1<i<n

a;e{riy s rik,'} a;e{riy s r‘-k’,}

u(rin+ .okl e k) = u(re, ).

The converse implication is obvious. OJ

Example 20. Ler (A, Q,+) be a semilattice ordered algebra and let @ € Q be an n-ary
operation. The unary operation t(x) := @(x,...,x): A — A distributes over the operation +
if and only if for any x,y € A

t(x)+t(y) = Z (X1, Xp).

xi€{xy}

In particular, if ® € Q is a binary idempotent operation then the operation
t(x) = o(x,x): A — A distributes over the operation + if and only if for any x,y € A

x+y=x+y+o(xy)+o(yx).

Lemma 21. Let (A,Q,+) be a semilattice ordered algebra and let t be an 0 # n-ary linear
Q-term. Then the word operation t : A" — A distributes over the operation +.

Proof. The proof is done by induction on the minimal number m of occurrences of (symbols
of) the basic Q-operations in the corresponding linear Q-term.
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By definition of a semilattice ordered algebra, the lemma is certainly true for m = 1. Now
suppose that the hypothesis is established for m > 1. Let

t(xll,...,xkpk) :a)(vl(xn,...,xlpl),...,vk(xkl,...,xkpk))

be a linear Q-term, for some @ € €, different variable symbols x11, ..., X1p;, s Xkl s+ -+ Xkp,
and linear Q-words Vvy,..., Vg, in which the basic Q-operations occur m + 1 times.
By the induction hypothesis, the Q-word operations v; : A?i — A, for 1 <i <k, distribute
over the operation +. This implies that for any xi,...,X1p,,. .., Xi1,- -, Xijs Vij»- -+ Xip;»
cos Xk s Xkpy €A,
Z(X]],. ey Xij T Vijy - ,xkpk)

= O(VI(X11,- - X1p )5 - VilXils o Xij F Vijs -5 Xipy) s - o5 Vie(Xkls - -5 Xk, )

= OVI(X11,- X1 py )y e VilXils oo 5 Xy ooy Xip,)
+Vi(xi1,---;yij7---7xip,~)7---7Vk(xkl7--->kak))

= a)(vl(x“,...,xlp]),...,vi(xil,...,x,-j7...,xipi),...,vk(xkl,...,xkpk))
+(J)(V1()€117...,xlm),...,V,‘(X,'],...,y,‘j,...,xipi)7...7Vk(xk1,...7xkpk))

:t(xll,...,xij,...,xkpk)+t(x11,...,yij,...,xkpk),

which completes the proof. OJ

Corollary 22. Let V be a variety of Q-algebras satisfying an identity t ~ u for some 0 # n-
ary terms, where t is linear. The identity t =~ u is true in a variety S C SV of semilattice
ordered algebras if and only if the word operation u : A" — A distributes over the operation
+.

Corollary 23. A variety S C SV of semilattice ordered algebras satisfies each linear identity
true in V.

Corollary 24. Let V be a variety of Q-algebras satisfying an identity o(x,...,x) = x, for
o € Q. The identity @(x,...,x) =x is true in a variety S C SV of semilattice ordered
algebras if and only if the following identity

X+y= Z (X, ... %)

xie{x,y}

is true in S.

Let UVEE(‘)" denote the variety of semilattice ordered algebras generated by extended
power algebras of finite non-empty subsets of algebras from V), i.e.,

YVESG == HSP({(P5°A,Q,U) | (A,Q) € V}).

Theorem 25. Let V be a variety of Q-algebras. The variety VXZ( is locally finite if and
only if the variety "VES is locally finite.
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Proof. Let (C,Q,U) €” VIS be the algebra generated by a finite set X C C. By Disjunctive
Form Lemma 17, for each a € C, there exist ay,...,a, € (X)q such that

a=ajU...Ua,. 5)

If the variety VXS( is locally finite, then the algebra (X)q € VES( is finite. Hence, there
are only finitely many elements of the form (5). Consequently, the algebra (C,Q,U) is finite.

Let (Fuvz;g) (X),Q,U) be the free algebra in the variety “VIS& generated by a set X. It
is known that the free algebra over X in the variety generated by Q-subreducts of algebras
in YVII® is isomorphic to the Q-subreduct ((X),Q), generated by X, of the free algebra
(FUVZ§3> (X),Q,U). (See e.g. [17, Theorem 3.9]). The free algebra (sziéu (X),Q) is then
a homomorphic image of ((X)q,Q). Consequently, the variety VES{ is locally finite if the
variety VWIS is locally finite. O

Note that the same is true also for varieties generated by power algebras of all finite
subsets (i.e. including the empty set).

4. FREE SLO ALGEBRAS WITH CONSTANTS

Let (Fy(X),Q) be the free algebra over a set X in the variety V C U and (Fy, (X),Q)
be the free algebra over a set X in the variety V; C U;. Let Sy denote the variety of all
semilattice ordered V-algebras, Sg denote the variety of all O-semilattice ordered V-algebras,
Sy, denote the variety of all semilattice ordered V;-algebras and Sgl denote the variety of all
0-semilattice ordered V;-algebras.

Theorem 26 (Universality Property for Semilattice Ordered Algebras). [20] Let X be an
arbitrary set and (A,Q,+) € Sy. Each mapping h: X — A can be extended to a unique

homomorphism h: (PSP Fy(X),Q,U) — (A,Q,+) such that h|x = h.

Corollary 27 (Universality Property for 0-Semilattice Ordered Algebras). Let X be an ar-
bitrary set and (A,Q,+,0) € Sg. Each mapping h: X — A can be extended to a unique

homomorphism h: (P<?F,(X),Q,U,0) — (A,Q,+,0) such that Z\X =h.

Proof. Let (A,Q,+,0) € Sg. Since (A,Q) € V then any mapping /: X — A may be uniquely
extended to an Q-homomorphism : (F(X),Q) — (A,Q).

Let us define the mapping h: (P<®F,(X),Q,U,0) — (A,Q,+,0) by

h(T)=Y k),

teT
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if T is a non-empty finite subset of F,(X) and

h(0) =0.

By Theorem 26 the mapping E|p§3> Fy(x) 18 the unique {Q,U}-homomorphism such that

E|X = h. But obviously if 7; = @ for some i, we also have:

h(o(Ty,...,0,....T,) = h(0) =0 = o(h(T}),...,

0
=o((T)),....h

(0., h(T).

Moreover, for 71 = 0

h(OUT) = h(Ty) = 0+ h(Ty) = h(0) + h(T),

which shows that the mapping ﬁ|'p<(u Fy(x) is an {Q,U,0}-homomorphism. This completes
the proof. OJ

Corollary 28 (Universality Property for Semilattice Ordered Algebras with a unit). Let X be
an arbitrary set and (A, Q.+, 1) € Sy,. Each mapping h: X — A can be extended to a unique

homomorphism h: (P<PFy, (X),Q,U,{1}) = (A,Q,+,1) such that ﬁ|x =h.
Proof. Let (A,Q,1) be a V;-algebra with the unit 1 € A. Then for the {Q, 1 }-homomorphism

h: (Fy,(X),Q,1) — (A,Q,1) which is an extension of a mapping /#: X — A one has that
h(1) = 1. Further, by Theorem 26, the mapping h: (PSP Fy, (X),Q,U) — (A,Q,+),

h(T) =Y hr)

teT

for a non-empty finite subset 7' of F, (X), is a homomorphism such that Z\ x = h. In partic-
ular, for T = {1}

R{1}) =h(1)=1.

Directly from Corollaries 27-28 we obtain the following corollary:

Corollary 29 (Universality Property for 0-Semilattice Ordered Algebras with a unit). Let X
be an arbitrary set and (A,Q,+,0,1) € 881. Each mapping h: X — A can be extended to

a unique homomorphism n: (P<“Fy,(X),Q,U,0,{1}) — (A4,Q,+,0,1) such that ﬁ|x =h

By Theorem 26 and Corollaries 27-29, for an arbitrary variety )V C U or V| C Uy, algebras
(PSR (X),Q,U), (P<°F)(X),Q,U,0) or (PS5 'K, (X),Q,U,{1}) have the universality
property for semilattice ordered algebras in Sy, Sg or Sy, , respectively, but in general, the
algebras themselves need not belong to these varieties.
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Example 30. Let V be a variety of semilattices (A,-) and V| be a variety of semilattices
(A,-, 1) with the greatest element 1.

Consider the free semilattice (F\(X),-) over a set X in the variety V, the free algebra
(Fy,(X),-,1) over a set X in the variety V| and their two generators x,y € X. One can easily
see that

{xvy} : {xvy} = {X,X'y,y} 7é {xvy}'
This shows that the algebra (PS$’Fy(X),-,U) does not belong to the variety Sy. This also
immediately implies that algebras (P<“F,(X),-,U,0) and (PSP Fy(X)Fy(X),-,U,{1}) do
not belong to varieties Sg and Sy, respectively.

Corollary 31. [20] The semilattice ordered algebra (PSP Fy(X),Q,U) is free over a set X
in the variety Sy if and only if (P Fy(X),Q,U) € Sy.

Corollary 32. The semilattice ordered algebra (P<“F,(X),Q,U,0) is free over a set X in
the variety Sg if and only if (P<®Fy(X),Q,U,0) € SY.

Corollary 33. The semilattice ordered algebra (PSP Fy, (X),Q,U,{1}) is free over a set X
in the variety Sy, if and only if (PS{Fy, (X),Q,U,{1}) € Sy,.

Corollary 34. The semilattice ordered algebra (P<?Fy,(X),Q,U,0,{1}) is free over a set
X in the variety Sgl if and only if (P<?F,(X),Q,U,0,{1}) € 881'

Corollary 35. [20] Let (F5(X),Q) be the free algebra over a set X in the variety U. The
extended power algebra (PS§'Fi5(X),Q,U) is free over X in the variety S5 of all semilattice
ordered G-algebras.

Note that, by Corollary 16, the same holds also for any variety defined by a set of linear
identities.

Theorem 36. [20] Let V be a variety defined by a set of linear identities. The extended
power algebra (PSP Fy(X),Q,U) is free over X in the variety Sy of all semilattice ordered
V-algebras.

Theorem 37. Let V be a variety defined by a set of linear regular identities. The 0-extended
power algebra (P<°F,(X),Q,U,0) is free over X in the variety Sg of all O-semilattice
ordered V-algebras.

For a variety V let V* be its linearization, the variety defined by all linear identities
satisfied in V. Obviously, V* contains ) as a subvariety.

Since by Theorem 12 and Corollary 13 for any subvariety V C U the algebra
(PS§Fy(X),Q) satisfies only those identities which are obtained from the linear identities
true in V through identification of variables, then for each subvariety V C U, the algebra
(PS§Fy(X), Q) belongs to V*, but it does not belong to any of its proper subvarieties.

Corollary 38. Let X be an infinite set. For any subvariety V C U we have

Sy- =HSP((PZ'Fy+(X),Q,U)).
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Let S be a non-trivial subvariety of Sy, and X be a set. By [24, Chapter 3.3] the congruence
Ps(X) := ({9 € Con(PSPFy(X),Q,U) | (PS7F(X)/9,Q,U) € S}

is the S-replica congruence of (PSFy(X),Q,U) and (PS§Fy(X)/®Ps(X),Q,U) is called
the S-replica of (PSFy(X),Q,U).

Let (B,Q,+)€S. By the universality property of replication (see [24, Lemma 3.3.1.]), for
each homomorphism /: (PSPFy(X),Q,U) — (B,Q,+), there is a unique homomorphism

/]/;: (P;S)FV(X)/(DS(X),Q,U) - (Bva+)

such that
h= ﬁonat@g(X),
where nar®s(X) is the natural projection onto the quotient PS§’F,(X)/®s(X). Hence, the

universality property for (PSP Fy(X),Q,U) yields the following commuting diagram for any
mapping h: X — B:

Ay (por(x), 0.0 PSX) peor, (x) /0s(x).0.U)

X\fl /}E/

l
1)

o =

(

As aresult, we obtain the following theorem

Theorem 39. The S-replica of the algebra (PSP Fy(X),Q,U) is free over a set X in the
variety S C Sy.

Corollary 40. Let (PSFy(X),Q,U) € S. Then it is free in S C Sy over a set X.

Additionally, by Theorem [17, Theorem 3.9] one can obtain a characterization of free
algebras in the quasivariety Ug of Q-subreducts of semilattice ordered algebras in a given
variety S.

Corollary 41. The free algebra (Fi54(X),Q) over X in Us is isomorphic to the full
Q-subreduct (X)q of the free semilattice ordered algebra (Fs(X),Q,+) in S.

Free algebras in a quasivariety Ug are also free in the variety V(Ugq) generated by Ug
(see [14]). But note that, even if we have a free semilattice ordered algebra (Fs(X),Q,+) in
a given quasivariety S C SV, its full Q-subreduct ((X)q, Q) need not be a free algebra in V.
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5. APPLICATIONS

5.1. IDEMPOTENT SLO ALGEBRAS

As we have already shown in Section 4, in varieties of semilattice ordered algebras true
identities are determined by appropriate extended power algebras of algebras and their ho-
momorphic images. Entropic and symmetric identities are both linear and regular. In this
section we focus on the idempotent identities which are linear only if the operation @ occur-
ing there is unary.

Extended power algebras are very rarely idempotent. Note that if the power algebra
(P=0A,Q) of (A,Q) is idempotent then the algebra (A, Q) must be idempotent too. Fur-
thermore, if (A, Q) is idempotent then for any non-empty subset B of A and @ € Q, we have
BC w(B,...,B). Moreover, as an easy consequence of results of A. Romanowska and J.D.H.
Smith [23, Proposition 2.1] for an idempotent algebra (A, ), a non-empty subset B € P oA
is a subalgebra of (A,Q) if and only if @(B,...,B) = B for each ® € Q.

Corollary 42. [2]] The power algebra (P=oA,Q) of an idempotent algebra (A, Q) is idem-
potent if and only if each non-empty subset B of A is a subalgebra of (A, Q).

Example 43. [21] An algebra (A, Q) such that ®(ay,...,a,) € {ay,...,an}, for each n-ary
weQanday,...,a, €A, is called conservative. By Corollary 42, the power algebra of any
conservative algebra is idempotent. In particular, the power algebra of a chain, the power
algebra of a left zero-semigroup [24], the power algebra of an equivalence algebra [9] and
the power algebra of a tournament [10] are all idempotent.

Let 0 be a congruence on an idempotent algebra (A, Q). Obviously, a 6 ©(a,...,a) for
each a € A and @ € Q. On the other hand, it is not always true that X 6 o(X,...,X) for
asubset X of A, if (P04, Q) is not idempotent. It is enough to consider the equality relation
on (A, Q) in such a case.

Let (M, Q) be an idempotent and entropic algebra. Denote by Z the variety of all idem-
potent 7-algebras of type 7: QU {U} — NT. Then Conz(PS{’M) is the set of all congru-
ence relations ¥ on (PS’M,Q,U), such that the quotient (PS’M7?,Q) is idempotent. By
[24, Section 1.4.3] Conz(PS’M) is an algebraic subset of the lattice of all congruences of
(PS§M,Q,U). Recall that the least element in (Conz(PSPM),C) is the Z-replica congru-
ence of (PSM,Q,U).

Let (M,Q, 1) be an idempotent and entropic algebra with the unit 1 € M and let the algebra
(P<°M,Q,U,0,{1}) be the @-extended power algebra with the unit {I1}. Let us define
a binary relation p on the set P<®M in the following way:

ApB <& there exist a k-ary term 7 and an m-ary term s (6)
both of type Q such that
ACt(B,B,...,B) and BCs(A,A,... A).
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It was proved in [19] that the relation p|p <oy is the Z-replica congruence of (PSM,Q,U)
and is equal to the relation:

AaB < (A)=(B), (7

where (A) is the subalgebra of (M, Q) generated by the set A. Therefore, (PSM/p,Q,U) =
({(A): A€ PSPM},Q,+), where for each n-ary complex operation @ € Q and non-empty
subsets Ay,...,A, of M

DA, (A) = (@(Ar...,Ay)) and ®)
(A1) +(A2) = (A1 UA2). ©)

It is easy to notice that
0pA & A=0

and
{I}pA < A={1}.

Hence, assuming that (@) = 0, p is also the Z-replica congruence of (P<®M,Q,U) and
(P<®M/p.Q,U) = ({(A): A€ P<°M},Q,+).

By Theorem 39 we have the following theorem

Theorem 44. Let M be the variety of all idempotent and entropic Q-algebras (M,Q). The
0-semilattice ordered algebra ({(A): A € P<®Fp(X)},Q,+,0) is free over a set X in the
variety SXA.

Moreover, for any k-ary term ¢ and a subset 1 ¢ S C M
{1}US§Z(S,,S) = H(Sl,...,SkGS) lzl(j‘l,...,sk).
This shows that for a non-empty subset S C M such that 1 ¢ §

{1}USp S <& there exists a k-ary term ¢ of type Q and sy,...,s, € S
such that 1 =17(sy,...,s).

Lemma 45. Ler (M,Q, 1) be an idempotent and entropic algebra with the unit 1 € M. Let
us assume that the algebra (M, Q. 1) satisfies the following condition:

V(weQ)V(xi,...,.xn €M) ©(x1,....,50)=1 = V(1<i<n) xi=1. (10)

Then the relation p is the Z-replica congruence of (PS’M,Q,U,{1}) and the quotient
(PS{M/p,Q,U,{1}) is isomorphic to the semilattice ordered algebra:

{(a): Ae PSP(M\{1})}U{{AU{1}): A € PIPM},Q, +,{1}).
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Theorem 46. Let M be the variety of all idempotent and entropic Q-algebras (M,Q, 1)
with the unit 1 which satisfy Condition (10).

Then the semilattice ordered algebra ({(A): 1 ¢ AandA € PIPFu(X)}U
{tau{1}): 1¢Aand A € PSPFM(X)}U{{1}},Q,+,{1}) is free over a set X in the vari-
ety Sm,-

Corollary 47. Let M, be the variety of all idempotent and entropic Q-algebras (M,Q, 1)
with the unit 1 which satisfy Condition (10).

Then the O0-semilattice ordered algebra ({{A): 1 ¢ AandA € P<°Fy(X)}U

{(Au{l1}): 1 ¢ Aand A € P<YFp(X)},Q,+,0,{1}) is free over a set X in the variety
Se .
M

5.2. COMMUTATIVE DOUBLE IDEMPOTENT SEMIRINGS

Definition 48. A semiring is an algebra (S,-,+) such that
1. (S,-) is a semigroup,
2. (8,4) is a commutative semigroup,
3. fora,b,ceS,a-(b+c)=a-b+a-cand (b+c)-a=b-a+c-a.

A semiring is said to be commutative if the semigroup (S,-) is commutative. A semiring
is additively idempotent if the semigroup (S, +) is idempotent and it is multiplicatively idem-
potent if (S, -) is idempotent. Hence, additively idempotent semirings are simply semilattice
ordered semigroups.

Remark 49. Notice that in the literature of semirings there are several definitions depending
on whether the algebra contains an identity and/or a zero element. See e.g. [7].

Let SG denote the variety of all semigroups. By Theorem 36, since associativity is a linear
identity, the extended power algebra (PS’Fsg(X),-,U) is free over X in the variety Ssg
of all additively idempotent semirings. Free additively idempotent semirings, where (S, -)
belongs to a subvariety of SG, defined by a set of linear identities, can be described in
a similar way.

On the other hand, idempotency is not a linear identity so the extended power algebra of
the free algebra in the variety of all idempotent semigroups (bands) need not be idempotent.
As a consequence, such algebra is not a free algebra in the variety of all additively and mul-
tiplicatively idempotent semirings. Double idempotent semirings were called distributive
--bisemilattices by R. McKenzie and A. Romanowska and studied in [15].

If the semigroup (S, ) is also entropic (normal band), i.e. it satisfies for a,b,c,d € S

a-b-c-d=a-c-b-d,
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then by Theorem 36 the algebra ({(A): A € PSP Fyp(X)}, -, +) of all finitely generated sub-
algebras of free algebra Fj3(X) in the variety A3 of all normal bands is free in the variety
of double idempotent semirings with entropic multiplication reduct. This result coincides
with a construction given by Zhao in [27] where he applied so called closed subsets, since
each non-empty subset of a normal band is closed if and only if it is a subband.

Quite recently Chajda and Langer [3] investigated commutative double idempotent semir-
ings (S,-,+,0, 1) with two constants 0 and 1, such that (S,+,0) and (S,-, 1) are semilattices
with the least element O and the greatest element 1, respectively, and for each x € S,

x-0=0-x=0.

Clearly, such semirings are exactly O-semilattice ordered semilattices with a unit 1. In partic-
ular, Chajda and Langer described free algebras in the variety Z of all commutative double
idempotent semirings with two constants. Since commutative semigroups are trivially en-
tropic some results in [3] immediately follow by general ones.

Let SL; be the variety of all semilattices with a unit 1 and let (Fs.(X),) be the free semi-
lattice in SL generated by a set X. Obviously, condition (10) is satisfied in any idempotent
monoid so by Corollary 47 we obtain:

Theorem 50. The O-semilattice ordered algebra ({{A): 1 ¢ A € P<®Fs,(X)} U{(A)U
{1}: 1 ¢ A€ P<CFs,(X)},-,+,0,{1}) is free over a set X in the variety Z = Sgﬁl'

Therefore, directly by Disjunctive Form Lemma 17, every term #(xy,...,x,) € F. 2, (X)

is a sum of some products of variables x,...,x, (see [3, Lemma 4]).

Furthermore, it is well known that the free algebra generated by X in the variety SLy is
isomorphic to the semilattice (PX,U) of all subsets of X. Then the number of different n-ary
terms in FS?% (X) is less than or equal to 22" (see [3, Corollary 5]). The local finiteness of

1

Z= FSf%gl (X) follows also by Theorem 25.

If X is a finite set, then by Theorem 50 the cardinality of F’ 59, (X) is twice that of the set
of all subalgebras of the free algebra in the variety SL including 1the empty set:

IFsy, (X)|=2{(4,): (4,) < Fsc(X)}]-

In particular, for X = 0 there is only one subalgebra of Fg,(0): the empty set. Then
FsgL (0) = ({0,{1}},-,U,0,{1}). Furthermore, for X = {x} we obtain
1

Foy, (1) = ({0, {x}, {1} {x, 13}, U, 0,{1}).

For X = {x,y}, the free semilattice Fs.(X) on two generators has three elements: x,y, xy and
7 subalgebras (including the empty set): @, {x},{y},{xy},{x,xy},{y,xy},{x,»,xy}. Hence

Py, ({xaD)] =14
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Referring to the notion introduced in [3] we say that a subset A of Fs.(X) is reduced if

V(aEA)V(kEN+)V(b1,...,bkEA\{a}) a#bl“-bk.

It is evident that for each finitely generated subalgebra (C, ) of Fs,(X) there exists exactly
one finite reduced subset A, C Fs,(X) such that (C,-) = (A,). Hence, the cardinality of the
free algebra Fs, . (X) in the variety Ss. of all semilattice ordered semilattices is equal to the
cardinality of all reduced subsets of Fs,(X). This implies that the cardinality of S8, (X)is

twice that of the set of all reduced subsets of Fs(X) including the empty set.
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Abstract: We present the concept of a differential manifold with infinitesimal operators and we investigate
its geometric properties. We construct an algebra of real numbers with operators and using the Yoneda
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INTRODUCTION

In the paper we construct a generalized space-time which can be an arena of unifying
general relativity (differential geometry of space-time [12]) and quantum mechanics (the-
ory of operators on a Hilbert space [5]). Some generalizations of the notion of differential
manifold as ringed spaces, called the differential spaces or the differentiable spaces, were
introduced earlier by Sikorski [16, 17], Aronszajn [1] and Spallek [18], see also [10]. If M
is a smooth manifold and C*(M) is the ring of smooth functions on it, we obtain the Siko-
rski differential space (M,C*(M)) as a ringed space [13]. Differential spaces encode the
structure of space in a ring of functions, and C*-rings of functions are a natural place for
introducing infinitesimals, as it is done in synthetic differential geometry (see [3, 6, 7, 8, 9]).
Let us notice (see [15]) that using the Yoneda embedding for two C*-rings A and B one can
define a generalized space as the ringed space (Home=(A, B),A), where Homc=(A, B) is the
set of morphisms from A into B and the C*-algebra A, called the differential strtucture of
Hom¢=(A, B), is defined in the following way:
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For any a € A we define a : Hom¢= (A, B) — B by
a(p) =p(a)
and finally A = {a@: a € A}, which is obviously a C*-ring with the operation:
0@, @) = war )

forneN, w € C*(R"), ay,...,a, € A.
In Section 1, for any R-algebra I/ we construct a C”-ring R = R & U e, with nilpotent €

such that €2 = 0. In fact, for future applications we consider I/ as an R-algebra of operators
on some Hilbert space.

In Section 2, for an arbitrary differential manifold M we construct the ringed space
(M,C>(M)), where M = Homc~(C*(M),R) and C*(M) := C=(M)), which is called a man-
ifold with infinitesimal operators.

In Section 3, we prove that C*-rings: C*(M) and C™(M) are isomorphic. In consequence
we obtain a one-to-one correspondence between tensors on M and respective tensors on M.
The differential geometry on M can be interpreted as a copy of the differential geometry
on M. (M,C*(M)) is a richer space than (M,C*(M)) but their differential geometries are
equivalent”.

In Section 4, we present interesting examples of operators which illustrate our construc-
tions. These operators and other concepts of the paper and of the work [15] will be applied
to the theory of unification of relativity theory and quantum mechanics.

1. CARTESIAN SPACES WITH INFINITESIMAL
OPERATORS

First, we recall the notion of the C*-ring, which plays an important part in our further
considerations.

Definition 1. A unital commutative R-algebra A is a C*-ring if, given any n,m € N,
o € C*(R") and ay,...,a, € A, the element @(ay,...,a,) is defined and the following con-
ditions are satisfied:

1. for ¢,y € C*(R?) such that ¢ (x1,x2) = x1 - x2, W(x1,X%2) = x1 +x2, we have
¢lar,ax) =ar-a, ylar,ax) =ai+a;
2. formi: R" = R, mi(xy,...,x,) =x;, i=1,...,n we have

ﬂi(al,...,a,,) =da;,
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3. for the constant function 1 € C*(R"), we have
Lay,...,an) = 143
4. for 6 € C*(R"), wy,..., 0, € C°(R") we have
(Bo(wy,...,0n))(al,...,ay) =0(wi(ay,...,an),...,On(a,...,a)).

Let A,B be C*-rings. A homomorphism f : A — B of R-algebras is called C*-morphism
if, forany @ € C*(R"), n € N, ay,...,a, € A, the following equality is satisfied:

flolar,....an)) = o(f(ar),.... f(an)).

C*-rings as objects with C*-morphisms as morphisms form a category which will be
denoted by C*.

Of course, R is a C*-ring with the following operation: for any @ €C*(R"), x1,...,x,ER,
the element @(xy,...,x,) is the value of @ for arguments xi, ..., x,.

Now, let 2 be an algebra of operators. We will construct an algebra of real numbers with
infinitesimal operators denoted by R @ 2l¢, satisfying the following conditions:

(i) every element has a form x + ag, where x € R, a € 2 and €% = 0,
(i) (x+ag)+(y+be)=x+y+(a+b)e,
(i) (x+ag)-(y+be)=x-y+ (xb+ya)e.

Let us consider the pairs (x,a), where x € R and a € . We define an addition and
a multiplication by:

(x,a)+ (y,6) = (x+y,a+b),
(xv Cl) : (yvb) = (x-y,xb—l—ya)

forx,y € R and a,b € 2.

Let us put x = (x,0), ag = (0,a), € = (0,1), 1 = (1,0), 0 =(0,0), where x € R, a € 2,
1 is the identity operator, o is the zero operator in 2. Every element (x,a) can be written in
the following form:

(x,a) = (x,0)+(0,a) =x-(1,0)+a-(0,1) =x+ae.

Lemma 2. R® e is a C*-ring with the operation
n
/
O +aig,...,x;,+0,€) = 0(x1,..., %)+ Z a)‘i(xl yeeesXn)0E
i=1

forany o € C*(R").

Proof. The verification of conditions 1-4 in Definition 1 is evident. O
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In the sequel we will denote R @ 2(e by R and will say that R is the real line with in-
finitesimal operators ag, where a € 2(. The Cartesian product R” = R X --- X R is called
n-dimensional space with infinitesimal operators. An arbitrary point (ry,...,r,) € R" can be
represented uniquely in the following form:

(Fiyeeoyrn) = (14018, X+ 04€) = (X1, ., x0) + (a1, ., 0p)E,
where (x1,...,x,) € R", (ar,...,a,) € A".
If we put 0; := a;€, then Dl-z = 0 and we can write
(riseeoyrn) = (X1, o0 X0) + (01, .,00),

where 9; € D :=2e. For any f € C*(R") we define f: R — R by
_ n
f(riy...,m) :f(xl,...,xn)+2f'i(x1,...,xn)ui£
i=1

or equivalently

n

S 401, %, +0,) :f(xl,.‘.7xn)+Zf/i(x1,...,x,,)D,-,
i=1

where r; = x;+0;,i=1,...,n.

Let us define C*(R") = {f : f € C*(R")}. It is easy to see that C*(R") is a C*-ring with
the operation:

w(f_h"'vf_m) :Eo(flw-’afm)
for f; € C*(R"),i=1,...,m, & € C*(R").

Definition 3. A ringed space (R",C*(R")) is called the n-dimensional Cartesian space with
infinitesimal operators.

One can prove the following lemma:

Lemma 4. The mapping H : C*(R") — C*(R") given by
H(f)=f forfeC”(R")

is an isomorphism of C*-rings.

2. MANIFOLDS WITH INFINITESIMAL OPERATORS

In this section, we will introduce the category of differential manifolds with infinitesimal
operators using the Yoneda embedding [9]. Let (M,C*(M)) be a differential manifold of
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the dimension n. Let M := Home~(C™(M),R @ 2le) be the set of all morphisms between
C=-rings, C*(M) and R @ 2le. Every morphism p : C*(M) — R & e can be uniquely
represented as a sum

p=x+vy, (1)

where x : C*(M) — Rand vy, : C*(M) — e. Every morphism p : C*(M) — R@ e satisfies
the following conditions:

p(f-8)=p(f)-p8), pkf+g)=kp(f)+p(g) 2
forany f,g € C*(M), ke R.

Lemma 5. An arbitrary morphism p € M can be uniquely represented as a sum:
P =evitvy, 3)

where evy:C*(M)—R is an evaluation of C*(M) at some point xeM and v, :C*(M)—2e
is a derivation at x with values in 2le€.

Proof. 1t follows from (1) and (2) that

x(f8) +vr(fe) = (X (f) +vr(f)) - (x(g) +vx ()
for any f,g € C*(M). Therefore,
x(f8)+vy(fe) =x(f)-2(8) +vy(f)- x(g) +2(f)-vy(8)
for any f,g € C*(M). Hence, x(fg) = x(f) - x(g) and vy (fg) = vy (f) - x(8) + X (f) - vx(g)
for any f,g € C*(M). In a similar way, we can prove that ¥ and v, are R-linear mappings.
Since y : C*(M) — R is a morphism of C*-rings, then y is the evaluation of C*(M) at

some point x € M (see [11],[2]). Thus, ¥ = ev, and v, : C*(M) — 2e satisfies the following
equation:

v (f8) = vy (f)g(x) + f(x)vy(g)  forany f.g € C™(M). m

Moreover, every morphism p : C*°(M) — R @ e satisfies the following condition:

p(o(fi,...  fu) = @(p(f1),.--.p(fn)) 4)

for any f1,...,fn € C*(M). Hence, from (1) we get

X(w(flv'"7fn))+vl(w(f17---7f’l)) = w(X(fl)+Vl(f1)7"'7%(fn)+vl(fn))

for any fi,..., fn € C*(M). Thus, we obtain the following equality:

x(@(f1,- s ) Hvg(@(fi,. oo fo)) =0(% (f1), - Jc(ﬁ))fi O (f1)s-- 5 2 (fa) vz (i)
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for any f1,...,fn € C*(M), or equivalently

x(@(fi,... /o)) = 0 (f1),--, x(fa)) and
v(©(fi,-- fn)) = Z @ (X (f1)se e X (fi) vy ()
for any fi,...,fn € C*(M). The first equality means that x is a morphism of C*-rings. In

that case, y = ev, for some x € M. The second equality means that v, : C*(M) — e is
a derivation at x and satisfies

,M=
28

ve(@(fi,-.o fn)) = (f1( )55 S (X)) vy ()

i=1

forany fi,..., f, € C*(M).

Definition 6. Using the decomposition (3) in Lemma 4, we can define the projection Ty :
M — M by

T (p) = x. ®)

The mapping 7y : M — M is a bundle of the derivations of the C*-ring C*(M) at points
of M with values in 2le. Let us denote by Der,(C™(M),%¢) the set of all such derivations
at x. Of course, the fiber 7;,' (x) = Der,(C*(M),2¢). Let topM be the weakest topology in
which all functions from C°°( ) are continuous. We define the topology on M as the family
of the sets {U : U € topM}, where U = Hom¢=(C(U), R ®2e). It is the weakest topology
in which the projection 7y : M — M is continuous. Of course, U = 7, (U) for U € top M.

For any f € C*(M) we define f : M — R by
flp)=p(f) forpeM,
and C*(M) := {f: f € C*(M)}. C*(M) is C™-ring with the operation
O(fi s fu) = O(fis s fo)

for any @ € C*(R"), fi,...,fn € C*°(M),n € N.

Definition 7. The ringed space (M,C™(M)) is called the manifold with infinitesimal opera-
tors associated to the differential manifold (M,C*(M)).

Ifx:U — Visacharton M, U is openin M, V is open in R”, x = (x1,...,x,), x; : U = R
are coordinates of x,i=1,...,n, then X : U — V is a chart on M given by

xp)=(p(x1),--,p(xn)),

where U = Hom¢=(C*(U),R),V =%(U), U is open in M, V is open in R".
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We have the functor M — M from the category of differential manifolds to the category
of manifolds with infinitesimal operators. If F : M — N is a smooth mapping, then the
corresponding morphism F : M — N is given by

F(p)=evp(y) +Fuyvy forpeM, 6)

where p = ev,+vy, X = evy, p is uniquely presented as a sum, F.,vy € Derg(,)(C*(N),2Le)
is defined by the formula:

(Fuxvz)(B) = vy (BoF) forany f € C™(N).

The following diagram:
R
an lm\;
ML N
commutes.

Example. For M = R we have R = Homc=(C*(R),R @® 2le). Every element p € R can be
presented as p = evx—l—a&‘% |x, where x € R and a € 2 are unique for p. For any f € C*(R)
we define f : R — R by

f(p)=p(f) = f(x)+ f'(x)ae
In Section 1 we constructed the real line R with infinitesimal operator €. The mapping
R — R, p — x+ag is a bijection and it is an isomorphism of the ringed spaces (R,C*(R)) —
(R,C*(R)). We generalize this fact for the n-dimensional Cartesian space R".

Proposition 8. The mapping ® : R* — R" given by
q)(p) = (p(ﬂ:l)a cee :p(ﬂn))v

where 7; : R" — R are the projections, i = 1,...,n, is an isomorphism of the ringed spaces
(R*,C=(R™)) and (R",C*(R")).

Proof. Every p can be presented uniquely as p =evy + Y1, d,'% » Where x = (x1,...,x,)
€ R", d; € Ae fori=1,...,n. Itis easy to see that p(7;) = x; + d;. Thus, the mapping P is
given by the following formula ®(p) = (x| +dy,...,x, +d,) = x+d. It is evident that ® is
a bijection.

We will verify that ®*C=(R") = C*(R"). In fact, for any f € C*(R") we have f € C*(R")
given by f(xi +di,...,xy+dn) = f(x1,...,x0) + Xy fi(x1,...,x:)di. Now we consider
®*f = fod. We will verify that fo® € C*(R"). In fact,

(fo®@)(p) = f(®@(p)) = (x1+d1»~ +Xn +dn)
= f(x1,0 5% +Zd X17 - Xn) = p(f)

Therefore, (fo®)(p) = p(f) for any p € R™. Thus, fo® € C*(R"). The further details of
the proof are evident. O
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3. DIFFERENTIAL GEOMETRY OF MANIFOLDS WITH
INFINITESIMAL OPERATORS

Let (M,C(M)) be a differential manifold of dimension 7, and let (M,C>(M)) be the
manifold with infinitesimal operators associated to M. Now, we prove the following propo-
sition:

Proposition 9. The mapping J : C*(M) — C*(M) given by
J(f)=Ff for feC™(M) @)

is an isomorphism of C*-rings.

Proof. Let f,g € C*(M). One can see the following implication:
f=8= f=s

Indeed, f(p) = f(p)+vy(f) and &(p) = g(p) +vy(g) for any p € Home=(C™(M), R+ 2e)
with ¥ =ev,, f(p),g(p) € R, v,(f),vp(g) € e and p € M. Here, we have used the well-
known fact that the only real-valued C*-morphism going from C*(M) is the evaluations
(see [11]). Thus, f = g and the mapping J is a bijection satisfying:

‘](w(fl"~'7fl’l>) :w(‘](fl)v"'v‘](fn))

forany w € C*(R"), f1,...,fn € C*(M). Therefore, J is an isomorphism of C*-rings.  [J

Corollary 10. The C*(M)-module of derivations Der(C*(M)) is isomorphic to the C(M)-
module of derivations Der(C™(M)).

Proof. For any X € Der(C*(M)) we define X € Der(C*(M)) by

X(7)=X() for feC(M).
It is easy to see the implication
X=Y = X=Y foranyX,Y € Der(C”(M))
and I(X) =JoX oJ~!. Therefore, the mapping I : Der(C*(M)) — Der(C™(M)), given by
I(X)=X forX € Der(C”(M)), (®)
is an isomorphism of modules. U

The isomorphism J allows us to construct differential geometry on manifolds with in-
finitesimal operators.
Definition 11. For any linear connection V : Der(C*(M)) x Der(C*(M)) — Der(C*(M))
we define the linear connection V : Der(C*(M)) x Der(C™(M)) — Der(C*(M)) by

Vg¢Y =VxY forX,Y € Der(C*(M)).
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In a similar manner, one can extend the usual definition of any tensor on M to a tensor on
the manifold M with infinitesimal operators.

For any tensor A : Der(C”(M)) x - -+ x Der(C*(M)) — Der(C>(M)) of the type (1,n), we

define the tensor A : Der(C™(M)) x - -- x Der(C*(M)) — Der(C*(M)) by
AXy,....X,) =AXy,...,X,) forXy,...,X, € Der(C*(M)). ©)
Analogously, for any tensor B : Der(C™(M)) X - - - x Der(C*(M)) — C*(M) of the type (0,n)
we define the tensor B : Der(C*(M)) x - -- x Der(C*(M)) — C*(M) by
B(Xy,...,X,) =B(Xi,...,X,) forXy,...,X, € Der(C™(M)). (10)

There is a one-to-one correspondence between the geometric structures (tensors) on
(M,C*(M)) and the respective geometric structures (tensors) on (M,C”(M)). Differ-
ential geometry on (M,C>(M)) can be lifted to (M,C™(M)) and, conversely, differential
geometry on (M,C*(M)) can be projected onto (M,C*(M)). The projection of geo-
metric notion from M onto M can be organized using the mapping 7y : M — M and
J7V Cc* (M) — ¢ (M) or I™' : Der(C*(M)) — Der(C*(M)). The mappings J~' and I~
are linear C-isomorphisms. For any derivation X € Der(C*(M)) there exists a unique
derivation X € Der(C*(M)), X = I~'(X), such that X = X. Let us denote the projection
of X by mX. Of course, . X =X. It is easy to see, that (m.X)(f) =J "(X(f)) for
fec(m).

For any tensor A : Der(C™(M)) x --- x Der(C*(M)) — C*(M) we define its projection
A =A,A:Der(C*(M)) x --- x Der(C*(M)) — C*(M) by

AXy,..., X)) =J YAXY,...,X,) forXy,...,X, € Der(C™(M)).

Analogously, we can define the projection m,A = A of a tensor A : Der(C*(M)) x -

x Der(C*(M)) — C*(M) of the same type, given by
TAXy,... X)) =T (AX1,.... X)) (11)
for any Xj,...,X, € Der(C*(M)).

For a linear connection V : Der(C*(M)) x Der(C™(M)) — Der(C*(M)) on M we define
its projection 7,V : Der(C*(M)) x Der(C*(M)) — Der(C*(M)) by

(m.V)(X,Y)=1"Y(V(X,Y)) foranyX,Y € Der(C*(M)).

The Lie bracket of the ordered pair of derivations X, Y € Der(C*(M)) is the derivation
[X,Y]:=XoY —YoX. Itis evident that

X, Y] = [n.X,7.Y].
Analogously as on real manifolds we define the torsion tensor
T : Der(C™(M)) x Der(C*(M)) — C*(M)
and the curvature tensor
R : Der(C”(M)) x Der(C*(M)) x Der(C™(M)) — Der(C*(M))

by
T(X,Y) = VxY — VyX — [X,Y]

and R(X,Y)Z = VxVyZ — VyVxZ — Vix yZ for any X, Y, Z € Der(C™(M)).
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It is evident that the torsion T and the curvature R of the projection 7,V = V are the
respective projections 7 = 7, T, R = m,R. Analogously, if we consider the lift V on M of
a connection V on M, the lifts of the torsion 7" and the curvature R of V are the torsion T and

the curvature Rof V:=V.

If g : Der(C*(M)) x Der(C*(M)) — C*(M) is a semi-Riemannian metric on M, we can
consider the lift g : Der(C*(M)) x Der(C*(M)) — C*(M) on M. If V is the Levi-Civita
connection of g, then V is the Levi-Civita connection of g. The torsion and the curvature
of V are the lifts 7 and R.

If (M, g) is a space-time, one can consider on M the Einstein equation
Ric+ %Eﬁg +Ag=28nT,

where A is the cosmological constant, Ric is the Ricci curvature (a symmetric (0,2) tensor),
R € C*(M) is the scalar curvature and T is the energy-momentum tensor.

One can lift the Einstein equation on M to the manifold M with the infinitesimal operators:
Ric+ sRg+Ag = 8xT.
We have obtained Einstein equation on M. (M, g) is called the space-time with infinitesimal
operators.

4. POSITION AND MOMENTUM OPERATORS

Let us consider the real line R with the infinitesimal operators R = R@® /€. Since the
algebra 2l contains the unit element 1, we can consider a C*-subalgebra R of R, composed
of elements of the form x +a1e, x € R, a € R. So, R = R® Reg, and it is the ring of
dual numbers. It is clear that (R",C*(R")) is a subspace of n-dimensional Cartesian space
with infinitesimal operators (R",C*(R")). For any function f € C*(R") we have defined
f:R"—= Rby

n

f_(r] ey r,,) = f(x1 et ,x,,) + Zflll()ﬂ yeen ,x,,)a,-e,
i=1
where r; =x;+a;ie, x; ER,q; e R, i=1,...,n.

Now we consider interesting examples of operators, namely the operators of position Q, :
C*(R") — C*(R"), i=1,...,n, and the operators of momentum P; : C*(R") — C*(R"),
j=1,...,n. Let us recall that Euclidean operators of position and momentum in the space
C*(R") are defined by

Qi :C*(R") = C*(R"), (Qiy)(x) =xiy(x),
Pi:CP(R") » C*(R"),  (Py)(x) = —y[;(x)

for y € C*(R"), x = (x1,x2,...,%,) (The last one is the real version of quantum mechanical
operator of momentum.).
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Now let us define

(QW)(r) = (Qiw)(r), (Piw)(r) = (Py)(r)
forw € C*(R"), r=(r1,...,rn), ri =xi +a;€ xi,a; ER, i,j=1,...,n, or explicitly:

@V () = xw(x) + y(ae +x Y. v Kae.
k=1

(Pjw)(r) Z Wik aie-

Proposition 12. The operators of position and momentum satisfy the following commutation

relations:

1° [0,,0;] =0,

2° [Pi,Pj] =0,

3° [Q;,Pj] = §jidem ()
forj=1,....n

Proof. The first and second part are easily seen. We will check the last one. We have

n

(P W) (r) = xi(Pjw) (x) + (Pjw) (x)ai€ +xi 1;1 (Piy)paxe

=xi(Py)(x) + (Pjy)(x)a€ +xik; (=) (ae

x,l[/' ljl‘j aj€+x,(z I/I‘Jk )ake)

On the other hand,

=

(FJQV)(") —(xiy) Z Uk(x ag€

k=1

= l-jl[/(x) —x,-l[/"j(x) — ];1 Sijy/‘/k(x)akg — kil Sikl[/‘/j(x)aks — i x,'l//ﬂ-k(x)aks

n
=—8y(x x,l//’ 5,-jl//|/k(x)ak£ — l//llja,-s - ];x,-![/‘/_;kaks.
Computing the commutator of Q; and P; we obtain
0,,Pj1W(r) = QiP W (r) = PjQiW(r) = 6, y/(x) + & Z Ve = 6;y(r). O

Thus, we obtain the commutation relations analogous to the classic Weyl-Heisenberg
commutation relation known in quantum mechanics.
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1. INTRODUCTION

Hybrid systems are systems with mixed discrete-continuous dynamics ([22],[2]). The set
of discrete states Q consists of a finite number of elements denoted by g. The admissible
controls set U/ consists of control functions u : I — 2 defined on a closed interval / with the
values in 2 € R™. The continuous dynamics in each discrete state is described by ordinary
differential equations (ODEs)

X = f(x,u) )
or more generally by differential-algebraic equations (DAEs)

0=F(x' xu), 2)
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where x e R”, f:R"x Q — R", F:R" x R" x  — R". The transitions between discrete
states are triggered when the condition of the form A(x) < 0 stops to be satisfied, where
h:R" — R. The functions h(x) are called guards (or switching functions). In this paper the
analysis is restricted to systems with autonomous transitions and without state jumps during
transitions.

The optimal control problem with a hybrid system has been considered in many papers.
The necessary optimality conditions for a class of hybrid systems without state jumps have
been first formulated in [23]. In [3] the variational methods have been used to formulate ad-
joint equations for systems with state jumps. The Pontryagin maximum principle for hybrid
systems with state jumps has been formulated for several classes of hybrid systems in [18],
[15], [16], [17], [19], [20], [21], [7]. In papers [15], [16], [17], [19], [21] also algorithms
based on the hybrid maximum principle are discussed. In [8] time optimal hybrid maximum
principle is considered. Our paper does not consider optimal control problems in which
switching times are decision variables ([14]).

In [10] an algorithm for optimal control problems with hybrid systems described by higher
index DAEs has been introduced. Therein it is assumed that hybrid systems are described
by discrete time state equations resulting from the discretization of system equations by an
implicit Runge—Kutta method.

In none of these papers an optimal control problem with hybrid systems exhibiting sliding
modes has been considered. In [11] some preliminary results on optimal control problems
with sliding modes are given. The aim of this paper is to provide results on trajectory sensi-
tivity analysis of hybrid systems in such a way that they could be used to construct algorithms
for optimal control problems described by hybrid systems. The special attention is paid to
minimum time control problems for which first order method is proposed. It is shown how
the sensitivity analysis can be used to establish global convergence of the method and to de-
rive necessary optimality conditions (in the form of the weak maximum principle) for these
problems.

In order to introduce hybrid systems, consider a hybrid system with two discrete states
collected in a set Q = {1,2} and assume that the transition from a discrete state ¢ = 1 to
q =2 is triggered when h(x) < 0 stops to be satisfied, where & : R" — R. The transition from
a discrete state ¢ = 2 to ¢ = 1 is triggered when A(x) > 0 < —h(x) < 0 stops to be satisfied.
The border surface

Y={xeR":h(x)=0} (3)
is called the switching surface.

If the hybrid system starts its evolution from a discrete state ¢ = 1 the continuous state
evolves according to an equation

X' = fi(x,u).

At a transition time #, the continuous state trajectory reaches the switching surface so the
following holds

h(x(t;)) = 0. )
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The first order condition which guarantees that the continuous state trajectory will cross the
switching surface X is ([6])

he(x(t0)) fi (3 (1) (i) > O (5)

where Al (x) is the normal vector to £ at x. If at a transition time

he(x(t0)) f2 (3 (1) (1)) > O (6)

then the discrete state changes from ¢ = 1 to ¢ = 2 and the continuous state continues the
evolution according to the equation X’ = f>(x,u). If at a transition time

h(x(t2)) f2 (3 (1) (1)) < O ()

then both vector fields fi(x,u) and f>(x, u) point towards the surface X and the sliding motion
phenomenon occurs ([4]). We assume that for any control u the hybrid system does not
exhibit sliding motion. It means that at a switching time # either (5) and (6) hold, or

he(x(t)) fa(x(t),u(tr))
hee(x(te)) f1 (x(t ), u(tr))

are satisfied (in this case the discrete state changes from ¢ = 2 to ¢ = 1). The paper [12]
discusses the general case of a hybrid system which can have sliding motions.

®)

< 0
< 0 )

For the simplicity of presentation we discuss optimal control problems with hybrid sys-
tems which can only have two discrete states.

2. TRAJECTORY SENSITIVITY ANALYSIS

Taking into account the considerations and definitions presented in the previous section,
the optimal control problem of interest—(P’), can be defined as follows:

minwfq)(x(tf),tf) (10)

subject to the constraints

X'=filxu) ifg=1
X'=fxu) ifg=2 (n

and the terminal constraints

8 (x(ty)) =0VicE (12)
gx(tp)) <OVjel (13)



178 Radostaw Pytlak, Damian Suski

It is assumed that the initial state x(0) = xo is fixed and E, I are finite sets of indices. Notice
that when ¢ (x(¢f),t7) =ty we have a minimum time control problem.

Before stating the set of admissible controls we do time transformation in order to "sepa-
rate’ final time #¢, as a decision variable, from control variables u defined on the normalized
horizon [0, 1]. We can achieve that by taking the time transformation

t
0,1/] 5t —=71€0,1]: r:;. (14)

Since we have dt = %: and the control problem (P’) becomes

miny ., ¢ (x(1),17) 15)
subject to the constraints

x’:tffl(x,u) ifg=1 (16)
X =trfolxu) ifg=2
and the terminal constraints
gl(x(1)=0VieE (17)
g?(x(l))SOVjGI. (18)

For this formulation of our optimal control problem we can introduce the set of admissible
controls. We assume that u belongs to the set

U={ueL£l[0,1]: u(t) € Q,a.e.on[0,1] =T} (19)

where (2 is a closed convex set in R™. Furthermore, since the minimum time control problem
is considered, the following is postulated

ty € [t}"“, }“a"] =T (20)
The above optimal control problem (15)—(20) we call the problem (P).

The considered control problem can be expressed as an optimization problem over the set
of control functions and the set of parameters in R with the aid of the functions Fo : U x Ty —
R, g! :Z/{><7'f—>Rfori€E,g‘§:Z/l><7'f—>]Rforj€1:

Fo(utr) = (‘”f(l) ty)
glutp) = g™ (1) VieE
Fluty) = (1) Vjel,

provided that x is the unique function of « and #, so one can write X,

The reformulated problem is

min _ Fo(u,t 21
ucl, treTy O(M f) @D
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subject to
gl(ut;) = OVicE (22)
gutp) < OVjel (23)

The parameter 7, can be treated as a constant function: u,,+1(¢) =, on [0,1] so we can
define the extended admissible set

U = {ue = (t,ttyy1) € L1,,1[0,1] 1 u(t) € Qa.e.on0,1],
Upr1(1) € Tpy 1 = const}. (24)

The following notation will be needed to formulate some relations (the presentation is for
function u): when u is such that its limits, at time #,, and stated below exist then

— _ . + _ .
u(t )=, lim u(), u(t")=lim u).

For example, when the hybrid system changes its discrete state from ¢ = 1 to g = 2, the
transition conditions can be stated as

ho(x(87)) fr (8 ) u(t)
he(x(6)) fo(x(t,") u(t,"))

The notation, as applied in (25)—(26), simplifies presentation of some papers results.

> 0 (25)
> 0 (26)

After introducing the extended control u, we can reformulated the equations for the hybrid
system in its discrete states

x/ = lffl ()C7 I,t) = ff(x,ug) lfq =1 (27)
X =trfo(xu) = f5(x,u.) ifg=2"

This representation of a continuous behaviour of a hybrid system in a discrete state fa-
cilitates the derivation of sensitivity results. Furthermore, it enables us to use control func-
tions defined on the fixed interval T as admissible controls (and for that reason this time
transformation is used in computational methods aimed at solving minimum time control
problems—[9]). However, final sensitivity analysis, adjoint equations and necessary optimal-
ity conditions will be presented by referring directly to controls # and the time parameter
ty.

Our approach to sensitivity of the considered problem heavily relies on the results stated
n [9] (see also [13]). Therein, the sensitivity analysis is based on the linearized equations to
system equations.

Suppose that our system of interest is as follows
x,:fe(xvue)y (28)

where x(0) = x¢ (fixed) and u, and f, are defined as in (24), (27), with the help of function
e R x R™F1 — R the time horizon is 7.
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If we denote by x a solution to the equations for a given u, € U and by x4 a solution

for a perturbation d, such that u, 4 d, € U¢ then x“*% can be approximated by a solution
ytede to the linearized equations

Yy (f) (xyue)y + (£€),,, (x,ue)de (29)
y(0) = 0. (30)

In particular, the following hold

el < e (31)
[t e — x|l e < ealldell g .
el < csldele .

for some positive constants ¢y, ¢z, ¢3. Furthermore, there exists a function o : [0,00) — [0, 00)
such that lim,_,q+ o(s)/s = 0 and

ot — (4 30 ) [ = < 0 (e ) (34)

(Propositions 1.1, 1.3 in [9]).

The linearized equations (29) can be expressed in terms of f, u and #;:

y = trfe(x, )y + 15 fu(x,u)d + f(x,u)d;, (35)

where d, = (d,d;), u+d €U, ty+d; € Ty.
As shown in [9] the relations (31)—(34) hold provided that the assumption (H1) is satisfied:

(H1) € is convex and a compact set. Ty = [}“'" 17%] is such that 0 < t}“”‘ <P < oo,
f(-,-) is differentiable, f, f, and f, are continuous and there exists K < oo such that

|l f(x,u)|| < K forall (x,u) € R" x Q. (36)

In order to simplify the notation, for a given u,, x is written instead of x"e, x% instead of
xtetde and y% instead of y'e:de,

Relations (31)—(34) can be used to provide first order approximations to the functionals
in the problem (P). Indeed, one can show (under certain assumptions specified later) that the
expressions

<VFO(ue),de> = ¢x( (l):tf)yde(l)+¢lf(x(l)atf)dl (37)
(g, (x(1)y%(1), i€ E (38)
(Vgi(ue),de) = (&7), (x(1))y™(1), jel. (39)

estimate Fo(ue +d,) — Fo(ue), & (ue+d.) — gl (ue),i € E, g%(ue +d,) —g?(ue), J €I with ac-
curacy o(||de|| =) where o is a function such that o : [0,00) — [0,00) and lim,_,+ o(s)/s = 0.

—~
<

LT

—
<

S

~
[
Il
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We will use these estimates to construct a globally convergent algorithm for solving the
problem (P).

The estimates can be applied both to system equations in the discrete state ¢ = 1 and in
the discrete state ¢ = 2 provided that the hypothesis (H1) applies to the function f; and to
the function f> and that switching times ¢ are fixed.

However, the switching times are determined by controls u and the parameter 74 since
switching times are the results of intersecting state trajectory x*¢ with the switching surface.
Switching times are thus functions of extended controls u,. The consequence of that is that
in order to establish linearized equations for the hybrid system on the whole horizon T we
have to evaluate differentials of switching times and take them into account while deriving
solutions to linearized equations considered on the whole horizon.

We assume that switching times occurring at our hybrid system are of the type when the
system changes its discrete state from ¢ = 1 to ¢ = 2, or from ¢ =2 to ¢ = 1. In other
words the hybrid system does not exhibit sliding motion. It means that at switching times
either relations (5)—(6), or (8)—(9) are satisfied. However, in order to provide the sensitivity
analysis of ’global nature’ (needed for the convergence analysis of an algorithm) we have
these relations to be fulfilled in neighourhoods of switching times—these conditions are
stated as the hypothesis (H2).

In order to analyse the changes of switching times due to the perturbations of u, suppose
that for the extended control u, the switching time ¢, is evaluated according to the equation

h(x(t,7)) =0.
When the control u, is perturbed by d, then a new switching time, denoted by t,d“, will satisfy
h(x (7)) = 0,

and, in general case, t,d" 1.

After the transition the state function x? evolves on an interval [t,d", 1] according to the
equations

I
(xd“) = fze(xd",ue—i—dg).

We will show that there exists the linear operator df, which assigns to each d, a real
number dt,df such that the following condition (see Theorem 1)

18 — 1, = di + o(||d, || =) (40)

holds for all u, and d, such that u, +d, € U°. Here, o0 : (0,00) — (0,0) and lim, 05~ '0(s)
= 0. Moreover, dt,d“ is given by the formula

(41)
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Then there exists the operator dx_ which assigns to each d, a vector dx‘ according to the
formula
et =y (1) + £ (el ) e 1)) i (42)

According to Theorem 1, operator dx_ satisfies the condition
e (17 = x(t7) — dx®|| < o(|lde | c=), 43)

for all u, and d, such that u, +d, € U¢, where o0 : (0,00) — (0,00) and lim,_,os~'o(s) = 0.

Furthermore, from Theorem 1 there exists the operator dx; which assigns to each d,
a vector dx‘i“ according to the formula

dxle =y (67) + £5 (a6 we 7)), (44)
which satisfies the condition
I (1) —x(57) — dxL | < o([|d]| =) (45)

for all u, and d, such that u, +d, € U, where o0 : (0,%) — (0,00) and lim,_,os~'o(s) = 0.

Since dx? and dx‘i are linear operators (yde is linear and due to (41) dt,d” is also linear)
and (43), (45) are satisfied, they are differential. This implies that we must have dx? = dxi
and as a consequence of that y% can exhibit a jump at f;:

V() = ) 4 [ el ) ue()) = 5 (el7), ue (1)) i (46)

provided that dr% + 0.

The analysis above has been possible due to Theorem I which establishes results concern-
ing differentials associated with changes of switching times for a particular type of hybrid
systems in which sliding motion does not occur. The proof of the theorem can be carried out
in a similar way as the proof of Theorem 3.1 in [12].

Theorem I requires several assumptions (similar to assumptions (H2) and (H3) in [12]).
The meaning of the assumption (H2) has already been discussed, the other assumption, (H3),
is needed since we explore behaviour of the hybrid system ’just before’ (and ’just after’)
a discrete state switching and the system is controlled by u fulfilling mild restrictions, i.e.,
uel.

(H2) function A(-) is differentiable and there exist 0 < L; < +e0 and 0 < L, < oo such that
17 (%) = A ()| < La[[£ = x| (47)
e ()i (£,2) = e (x) fi (x, )| < Lo (£, ) = (x, )| (48)

for all (x,u), (£,4) in R" x Q.

Furthermore, there exists € > 0 and 0 < L3 < 4o such that for all switching points #
(each switching time corresponds to some u, € U/¢) and for all their perturbations t,d ¢
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triggered by perturbations d, such that u, +d, € U°, ||d,|| /2 < €, and for all 6 € [0, 1]

we have
he(x(T%4% (1)) fi(x(22% (1)), u(2®% (1,))) > L, (49)
he(x(T%4% (1)) fi(x(22% (1)), u(2% (1,))) < —Ls, (50)
fori=1,2, where

() = 4460 —1). (51)

(H3) For any u € U and any switching point , the following limits exist
lim u(z), lim u(t) (52)

1ty 1<ty t—t 1>t
(and are denoted by u(t;”) and u(t;") respectively).

Theorem 1. Suppose that at the first considered discrete state the system evolution is given
by

K= ff(xu,) (53)
and at the other by
K= f5(xue). (54)

We assume that functions defining systems evolution in the both discrete states satisfy (H1),
and if the system changes state from the first state to the other at the switching time t; satis-

fying
h(x(t:)) =0, (55)
and the hypothesis (H2) holds for equations (53)—(54) then
R (e(e7))y % (1) + e e(t7)) £ (et ) e (1)) (1 = 1) + o (||| =) = 0,
for all u, and d, such that u, +d, € U where o is such that lims_,o |o(s)|/s = 0, and
dife = = [ )y (7)) / el ) ), el )] (56)
Furthermore,
(i)

e a7 = 1) = ) = A el D™ < oflldelle-), 57)

for all u, and d, such that u,+d, € U¢ where x, x‘fe are solutions to the equation (53)

and y’lje are solutions to the linearized equations associated with equations (53), here
o is such that limg_,q |o(s)| /s = 0;
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(i)

e ) = 36 = 38 () = F5 x| < o(lldell=), (58)

for all u, and d, such that u, +d, € U¢ where x, xg” are solutions to the equations
(54) and ygf are solutions to the linearized equations associated with equations (54),
here o is such that limg_,o |o(s)| /s = 0.

The fact that solutions to linearized equations of hybrid systems can exhibit jumps (as
stated in (46)) causes that relations (31)—(34) do not apply to hybrid systems. Furthermore,
in the case of the considered hybrid system a trajectory x generated by a control u, € U°¢
will consist of pieces of trajectories of the system being in discrete state ¢ = 1 (on the time
intervals A}, i € I') and pieces of trajectories of the system being in the discrete state g = 2
(on the time intervals A?, i € I?). We have U, ;iA} Uicp A? =10, 1].

The first issue is resolved by redefining our meaning of solutions to linearized equations—
we substitute y% by yd

y,c(t)—{ yle(t), iftel0,1],t#4 .

yle(th), ift =t

The second issue, which concerns the varying sizes of subintervals A} and Al-2 does not
restrain us from using (31)—(34) in relation to hybrid systems as was shown in the proof of
Theorem 3.2 presented in [12]. Theorem 2 is Theorem 3.2 adopted to the hybrid systems
considered in this paper. Theorem 2 requires the additional assumption which postulates the
finite number of switching times for any admissible control u,.

Let N, (u,) be the number of switching times triggered by a control u, € U¢ then the
hypothesis is as follows.

(H4) There exists a nonnegative integer number I, < +eo such that N, (u,) < I, Yu, € U°.

Theorem 2. Suppose that x is the trajectory generated by u, € U, x% the trajectory gener-
ated by ue+d, and y% is the solution to the linearized equations induced by the perturbation
d, of ue. Then, if (H1), (H2), (H3) and (H4) are satisfied, there exist positive constants cy,
¢2, ¢3 and a function o : ([0,00] — (0,00) such that lim,_,o+ o(s) /s = 0 for which the following
hold

Xl < e (59)

[x% =xllc= < eolldell (60)

selles < eslidell 61)

I = (x4 58 ) llem < o(ldell =), (6)
[y =27y = || < o(ldellc-) (63)
) = x5 —axe]| < o(ldellc-) (64)

for any u, € U°¢ and d, such that u,+d, € U°, and any switching point t;.
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Relations (59)—(64) enable us to: derive adjoint equations for hybrid systems; construct
globally convergent algorithms for the problem (P); state necessary optimality conditions for
the considered optimal control problem. The benefits of relations (59)—(64) are illustrated
by considering a first order method for solving the problem (P). The method which will be
discussed for the rest of the paper is analyzed in details in [9] therefore we only focus on
these parts of the analysis which need attention when optimal control problems with hybrid
systems are concerned.

3. GLOBALLY CONVERGENT ALGORITHM

The method we propose for solving the problem (P) is based on an exact penalty function.
By using an exact penalty function approach, instead of solving the problem (P), we solve
the problem (P¢)

u{gig{le Fe(u,) (65)

in which the exact penalty function F¢(u,) is defined as follows

F¢(u,) = F§ (ue) + cmax 0,1}1&){ |g,-l(ue)] Jrj}glxg%(ue)

(66)

For fixed ¢ and u, the direction finding subproblem, P¢(ue), for the problem (P,) is:

min (VS (). de) +cP +1/2]de|| 2]

deetDup’ﬁeR
subject to
1 1 )
‘gi ("‘6) + <Vgi (ue)vde>’ < BVi€E
o) + (VB (). de) < B Vel
Here,

Dy {de € L2\ [T]: de €U —u,}.

The subproblem can be reformulated as an optimization problem with the objective func-
tion which is strictly convex. The problem therefore has the unique solution (d,, 8). Since
this solution depends on ¢ and u,, we may define descent function o.(u,) and penalty test
Sunction t.(u,), to be used to test optimality of a control u and to adjust c, respectively, as

Oc(te) = <VF(;)(“e)7d_e>+c[B*M(”eﬂ (67)
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and
te(tte) = O (ue) + M(ue)/c (63)

for given ¢ > 0 and u, € U°. Here,

M (u,) = max 0,max|g}(ue)|7maxg'§(ue) ,
ick jel

Our algorithm is as follows.
Algorithm. Fix parameters: 7, n € (0,1), co > 0, > > 1.

1. Choose the initial control u? € U¢. Setk =0, c~' = .

2. Let ¢k be the smallest number chosen from {cK=!, seck=1 52ck=1 .} such that the
solution (d%, B¥) to the direction finding subproblem P (u¥) satisfies

1) < 0. (69)
If 6,4 (u¥) = 0 then STOP.
3. Let of be the largest number chosen from the set {1,7,n?,...,} such that
ulgﬂ = ulef + akd§
satisfies the relation
Fa(ubt) —Falu, < youou(ul). (70)

Increase k by one. Go to Step 2.

In order to establish convergence of Algorithm we need to introduce two additional hy-
potheses. The first one concerns the functions defining the objective and constraints:

(HS) ¢, g} ,IEE, g?, J € I are continuously differentiable functions.

The second one is related to a constraint qualification. To this end we first introduce the
set

D¢ ={d, € L2, [T]: there 3 u, € U° such that u, +d, € U}
and the set
Fe(u,) = {de €D maIX<Vg§(ue),de> < 0}.
j€

Then the constraint qualification condition takes the form
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(CQ) for each u, € U¢, F¢(u,) # 0, and in the case E # () we have
0 € interior€ (u,) (71)
where

Eue) = {{ (V! (we),de) } o €RT: de € Fo(u) }.

Under stated assumptions Algorithm is globally convergent in the following sense.

Theorem 3. Assume that data for (P) satisfies hypotheses (H1), (H2), (H3), (H4), (H5)
and (CQ). Let {uk} be a sequence of controls generated by Algorithm and let {c*} be a
sequence of the corresponding penalty parameters. Then

i) {c*} is a bounded sequence
i)
lim 6 (uk) =0, lim M(ut) = 0. (72)

k—>o0 k—>o0

iii) Let ii, be a L limit point of the sequence {u’;} and X the trajectory corresponding to
ile, then the necessary optimality conditions hold:

(NO)

0< min [Qu(E(1),7)y% (1) + 9y, (%(1),1,)d (73)

deE e

subject to the constraints

gi (B(1)) + (gi)  (&(1)y%*(1) = 0,i€E (74)
g5 (®(1)+ (g7) (®(1))y*(1) < 0, j€lpg, (75)

together with g} (¥(1) =0, i € E, g?(i(l)) <0, j €l Here,
Iey, = {j el: g‘?(ue) > njlg;ig'?(ue) - 8}-

Proof. (sketch) Notice that the descent function o, (u¥) is nonpositive valued at each itera-
tion. Indeed, we have

(VES (), de) + ¢ B+1/2]dol 2 < M),
which holds because 0 € ¢ — u¥. This implies that

(VF§ (). de) +c |B—M@u)] < —1/20)ac]3 <o. (76)
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Algorithm generates a sequence of controls {u¥} and the corresponding sequence of
penalty parameters {c¥} such that {c¥} is bounded and any accumulation point of {u*} sat-
isfies optimality conditions in the form of the weak maximum principle for the problem (P),
i.e. 0;(ii,) = O for the limit point iz, and the limit point of the sequence {cX}. But o4(ii,) = 0
implies that M (ii,) = 0 due to the definition (68) and since (69) holds.

The proof of the theorem follows the scheme of the proof of Theorem 5.1 in [9]. It is
heavily based on sensitivity results stated in Propositions 1.1 and 1.3 (in the case of Theorem
5.1) and stated in Theorem 2 (in the case of the considered theorem). The differences in these
sensitivity results are not significant as far as the convergence of Algorithm is concerned
(Algorithm can be applied to optimal control problems with dynamics: x' = f(x,u) and it
will be globally convergent according to Theorem 5.1.).

The proof of Theorem 5.1 is carried out in two steps. In the first step it is shown that
under (H1) and (CQ) for any u € U there exists a finite ¢ > 0 such that for ¢ > é1.(u) < 0is
satisfied. In the second step it is demonstrated that under (H1) and (H5) for any u € U/ and
¢ > 0 such that 6,.(«) < 0 there exists ¢ > 0 for which (70) holds for any « € (0, &), provided
that o.(«) < 0. The analysis carried in these two steps provides also the justification for
o.(it,) =0, M(ii,) = 0 to be used as necessary optimality conditions. O

4. ADJOINT EQUATIONS

As it is shown in [9] the implementation of an algorithm for solving the considered opti-
mal control problem requires the evaluation of the scalar products: (VF (ue),de),
(V) (ue).de). i € E. (VE2(ue) de). j € 1.

The system can change its discrete state several times on the interval [0, 1]. For the sim-
plicity of presentation it is assumed that in the time interval [0,#] the system evolves ac-
cording to the equation x’ = ff(x,u,). At a transition time 7, the continuous state trajectory
crosses the switching surface and then is determined by the equation x’ = f%(x,u.) up to a
final time 1.

Proposition 4. Assume that (H1), (H2) and (H3) are satisfied. Suppose that the system
evolves on the time interval [0,t;] according to the equation x' = f¢(x,u.). At a transition
time t; the continuous state trajectory crosses the switching surface and then is determined
by the equation x' = f5(x,u,.) up to a final time 1. If ¢ is continuously differentiable with
respect to its arguments then

(VE§ (ue),de) = [d)tf(x(l)vtf)

~ [ A O RGO w00~ [ A 50 00| 4
-/ AT ()l 1))l ()t — / AL OE) e ddr. (T7)
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where Ay, A, are solutions to the adjoint equations:

A)(@) = =M OUD)x(),u (1)), 1 €[0,4] (78)
and
(23 (1) = =23 ()(f5)x(x(1), e (1)), 1 € [t1,1). (79)
with the terminal condition
Xa(1) = = (x(1),1). (80)
and the jump conditions
0 (81)
0. (82)

Thy (x(t)T + M (1) — Ao (1)
Ao (1) 5 (), e (1)) = A (8) T 5 (e ) e (1))

where T is the number which under (H2) can be evaluated from (81)—(82).

Proof. To derive the adjoint equations the following augmented functional is constructed

CID(x,u,thL],lz,Jt) d)(x 1) tf)+7rh(x(t,))

+ [0 0~ o)l e
4 [ A0 (0~ S50 1)

One can evaluate the variation of the augmented functional

dCD(x,u,tf,)Ll,lz7 ) (Px(x(l) tf)dx(l)+¢,f(x(l),tf)
+ hy(x(tr))dx(tr) + A{ (ft)( () — fL () ue(ty )))dfr
x(r)

+d[/o (AL () (Y (1) — £ (el) e )dt] A7 (1)
_f;(x(zf),ue(tf)))dz,w[[ AT (1) (¢ (0) — FE(e(e),uel0))) |

By taking into account the fact that dx(1) = y%(1) and by integrating by parts the formulas
J A(t)x(¢)dt one can obtain

d®(x,u,tp, A, A2, ) = G(x(1),17)y% (1)
+ ¢, (x(1 )ff)dz+ﬂh (x(t))dx(t;)

HOLL > )l )))dr,
a[[AF {/ (@0
w 0 <r> )a] m)( <rf> S ) )

[ (0 U (Y (x(0) + M (0 F5(x(0).0e0))
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Expanding further the variations and taking into account the initial conditions of the lin-
earized equations the following equation is obtained

dD(x, 7, A1, A2, ) = 91, (x(1), 15)d + u(x(1))y% (1)
+ mhy (x(2:))dx ()
A ()2 (7 )dte = A (1) £ (e ) e (177))

sl apte) - [ (oo

AT WUl 0) 4 AT O D (50,0 0))

= 2 (002 (5 )t AT S5l )+ 28 (0 (1) = 2] ()07
= [ (Y @0+ A O U0 e )0

1
i
+ A3 (0 (3 e (x(0) e (1)) e (1)) it
Now the formula for the differential dx(z) is utilized and rearrangement of the components
with respect to differentials dx(t), dt, and variations y% (1), y%(t), d(t), d; leads to

dD(x,u,t7, A1, A2, ) = By (x(1),17)dy + (9 (x(1), 1) + 23 (1)) (1)
+ (he(x(t)) + AL () — A7 (1)) dx(t;)
(A (1) f5 (1), ue (1)) = AL (1) f (1) ue (1)) ) iy

— [ () 0+ 2T O UDG0,1e0) (0
AL O, ) (1) + AT (0L (1)) )
— [ (@) 0+ M D)0, e0) )

1
It
A5 (1) (5 )ulx(1), e (0)d (1) + A7 (1) fo(x(2), u(r))d ) dr.
Now conditions for adjoint equations are stated in such a way that the expressions with
differentials dx(t,), dt, and variations y% (1), y%(¢) disappear, so eventually only the coeffi-
cients with variations d(z), d; remain.

To this end the following components have to be equal to zero
(A1) () + AL @) (F)ax(0), e (1)) ¥ (1), £ € [0,1]
() (6) + 25 (1) (£5)ax(e) e (1)) ¥ (1), 1 € [1,1].

This can be achieved by assuming that A1, A, are solutions to the equations (78)—(79) together
with the transversality condition (80).

When we zero components related to dx(;) and dr, we come to the equations (81)—(82).
Under the assumption (H2) these equations can be solved with respect to 7 and A, (#;) to get

Do (t)" (ff (1) ue(67)) — f5 (x(t;7), ue (1))
P (x(te) ff (x(8;7) e (1))
M) = Aolt) — mh(x(s))".
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Having solutions to the adjoint equations for A; and A, the first variation of a cost function
¢ (x(1),17), with respect to a control function variation d and d;, we arrive at the thesis if we
notice that <VF§(ug),dg> =d®(x,u,tr,A1, A, ). O

S. THE WEAK MAXIMUM PRINCIPLE

On the basis of the defined adjoint equations one can formulate the weak maximum prin-
ciple for the considered problem. Suppose that ii, = (i1, ) is the problem solution. The weak
maximum principle for the problem (P) can take a quite complicated form, depending on the
number of switching points triggered by the optimal control it,. In order to exemplify the
possible conditions stated by the weak maximum principle, we assume that there is only one
switching point and at this point the system changes its discrete state from the state g = 1
to the state ¢ = 2—we call this case as Case [-2. For this case the necessary optimality
conditions (NC12) will shape as follows (they are expressed in terms of the original problem
formulation, so 7 is the switching time evaluated on the time interval [0,7/]).

(NC!2): There exist: nonnegative numbers Ozjz, J € I, numbers Ocil, i€ Esuchthat Y,;.p |OCH

+Yjer Otf = 0; number 7; absolutely continuous function Ay, A, such that the following
conditions hold:
(i) terminal conditions

Ma(fy) = 07 (x(77).r) + y o (g))! (x(F7)) + ) o (&) (%)
ic j€

(ii) adjoint equations
a.e. on [f;,7y)

A= —(f)r (@)

a.e. on [0,7]

(iii) jump conditions
The(x(7)" + M (F) — Ao (F)
M) HEE, @) = M) AEE ), a@F )
from which terminal conditions for A; at point 7, can be evaluated,

(iv) the weak maximum principle
a.e. on [f;,7r)

I
o o

A3 (1) (f2),, (3(2), a(0))u < A3 (1) (f2),, (%(2), a(r))(r)
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a.e. on [0,7)

AL (0) (f1), ((0), (1)) < AL (2) (1), ((0), (1)) ()

forallu € Q;

=0, 5. 8t+ 2 ([ O A0 a0)ar + [ a0 (50,0t
< 0y i+ [ B 0,70+ [ ele) (50 e

forallt; € Ty;
(v) complementarity conditions

o =0, if j &g,

Having adjoint equations, assuming the constraint qualification (CQ) and taking into ac-
count Theorem 2 one can derive necessary optimality conditions for the problem (P) and its
case Case 1-2. The necessary optimality conditions (NC!2) are stated in the form of the
weak maximum principle.

The maximum condition stated for the final time variable will agree with the well-known
condition for minimum time control problems if a hybrid system stays in one discrete state
on the whole horizon [0,7/].

Suppose that the discrete states switching does not occur, so for the optimal pair (i7,7) the
continuous state is decsribed by the equation x' = fi (x,u). Then, according (for example) to
[5] the Hamiltonian H(%,i, A1) = A] fi(%,i) is a constant function of time and we can take
H(%(ff),u(fy), A1 (T)) as this constant value. Then we have

00, (x(0p), )iy + jH( w(p), iy M (i) )iy
< =0, (X(Ty) Ip)p + H(%(Tp), a1(7y ), M (i) )iy
from which the standard maximum condition for the minimum time control problem follows
(=, (x(F7),Tp) + H (% (Ty),i(77), A (7)) 11
< (=00, (3(77), 7p) + H (X(Ep), a(Ty), M (7)) 77
(see, for example, [5]).

Theorem 5. Assume that the hypotheses (H1), (H2), (H3), (H4), (H5), (CQ) for the prob-
lem (P) are satisfied. If (%,i,1y) is a solution to the problem (P) and Case 1-2 holds, then
the necessary optimality conditions (NC'?) are satisfied.
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Proof. As shown in the proof of Theorem 5.1 in [13] the conclusions of the proof of Theo-
rem 3 can be expressed by

min max¥(d,,y) =0

de€Dy, YK
where
K= {7= (a0, {ct] Yier {07} jer) e RMEFI: >0, a2 >0, je1,
w+ Y ||+ Y af =1, 0 =0 if j ¢ oz,
i€E Jjel
and

¥(d,,y) := a (VFy(ir), (Z(x <Vg, (i), g> Z 2<ng i) de>>.

icE J€10.,ue

W(-,7) is a linear function on £2,,[T] of which Dy, is a convex subset. ¥(d,-) is
a bounded linear map and X is a compact convex set with respect to the product topol-
ogy of R IEI+!I Tt follows from the minimax theorem ([1]) that there exists some nonzero
¥ € K such that

min max¥(d,,y) = min ¥(d,,y) = (83)

d. €Dy, yek d,€Dy,
with )7 = ((_X()a {(_xil }iEE7 {(_sz}jel)
Since the constraint qualification (CQ) holds we can show that & # 0.

The adjoint equations have been derived for the functional £{ (1), however similar analy-
sis could be carried out for the functional

and then we take (xl-l = cétil, iek, (xlz- = cﬁtjz, j €I (notice that ¢ > 0).

Since the obtained conclusion is for the problem (P) we need to apply the time transfor-
mation [0,1] 3 T — ¢ € [0,77] : =77 to arrive at the conditions (NC12). O
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